SCATTERING THEORY FOR KLEIN-GORDON EQUATIONS 
WITH NON-POSITIVE ENERGY 



C. GERARD 

Abstract. We study the scattering theory for charged Klein-Gordon equa- 
tions: 

- (dt - iv{x))^(P{t,x) + e^(x, D^)<t>{t,x) = 0, 
• 0(O,x) = /o, 
. i-l9t9i(0,x) = /i, 

where: 

e2(x,D,) = - Yl {d:,^~\b,(x))a^''{x){d:,^-\bk{x)) + m'^(x), 

describing a Klein-Gordon field minimally coupled to an external electromag- 
netic field described by the electric potential v{x) and magnetic potential b[x). 
The flow of the Klein-Gordon equation preserves the energy: 

h[f,f]:= [ li{x)h(x)+jQ{x)e'(x,D^)Mx)-lo{x)v''{x)fo{x)dx. 

We consider the situation when the energy is not positive. In this case the flow 
cannot be written as a unitary group on a Hilbert space, and the Klein-Gordon 
equation may have complex eigenfrequencies. 

Using the theory of definitizable operators on Krein spaces and time-dep- 
endent methods, we prove the existence and completeness of wave operators, 
both in the short- and long-range cases. The range of the wave operators are 
characterized in terms of the spectral theory of the generator, as in the usual 
Hilbert space case. 



1. Introduction 

1.1. Klein-Gordon equations with non-positive energy. Klein-Gordon field 
equations coupled with an external electromagnetic field appear in several problems 
of mathematical physics. It was realized since the forties by Schiff, Snyder and 
Weinberg |SSWj that for the Klein-Gordon equation on Minkowski space: 

(1.1) (dt - w{x)f(l){t, x) - A^(j){t, x) + m^(j){t, x) = 0, 

complex eigenfrequencies appear if the electrostatic potential becomes too large, 
which causes difficulties with the quantization of this field equation. This phenom- 
enon is usually called the Klein paradox. It can be traced back to the fact that the 
conserved energy 

/ |9t0(i,a;)pdx+ / \VA{t,x)\'' + {m' -v\x))\4>{t,x)\''Ax 

is not positive definite if |jw||oo is too large. 

A related problem appears when one considers the Klein-Gordon equation on 
some curved space-times of general relativity, like the Kerr space-time describing 
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a rotating black hole. Again the conserved energy is not positive definite. A nice 
reference describing these problems is the appendix of the book by Fulling Fu]. 

The aim of this paper is to study in details the scattering theory for a class of 
Klein-Gordon equations generalizing (1.1). We consider the charged Klein-Gordon 
equation: 

r (dt - ivix)?<P{t, x) + e^ix, D,)<P{t, x) = 0, 
(1-2) I mx) = h, 

in Rt X M.^ where 

describing a Klein-Gordon field minimally coupled to an external electromagnetic 
field described by the (real) electric potential v{x) and magnetic potential b{x). 
The function x i— > m{x) corresponds to a variable mass term, incorporating for 
example a scalar curvature term . 

The Cauchy problem (1.2) can be rewritten as 

The evolution e~'*^ preserves the energy: 

h[fj]:^ [ ~f,{x)h{x)+~fo{x)e\x,D,)Ux)~~f^{x)v\x)h(x)dx. 

We are interested in this paper in the scattering theory, i.e. in the complete classi- 
fication of the asymptotic behavior of e~'*^/ for all initial data /, when t ±oo. 

Typical assumptions that we will impose in this paper (see Subsect. 3.1 for 
details) are: 



d^ix), d^b.ix), a^([a^"'=](x) - 1) and d^{m{x) - m) G 0{{x) 



for some /i > 0, although a singular short-range part of v can also be accommodated. 
The asymptotic mass m is assumed to be strictly positive. In analogy to the 
scattering theory for Schrodinger operators, the case I < fi (resp. < /i < 1) will 
be called the short-range (resp. long-range) case. 



1.2. Scattering theory. If the energy h is positive definite, i.e. the electric poten- 
tial is not too large, one can use it to equip the space of initial data with a Hilbert 
space structure. 

Under typical assumptions one obtains the energy space £ — iJ^(IR") L^(K"), 
and the group e~'*^ becomes a strongly continuous unitary group on £, whose 
scattering theory can be studied by Hilbert space methods. We mention among 
many others the papers [E | ILu | iNl [S| I V W|. IW | I Wi| . In this paper we are interested in 
the situation when the energy is not positive. In this case the generator B may have 
complex eigenvalues, or real eigenvalues with non trivial Jordan blocks. It follows 
that in general the energy norm |le~'*^/||£ may be polynomially or exponentially 
growing in t. 

To our knowledge the only result about scattering theory in this situation is due 
to Kako ijK^ where the case 



= -A + m^, v{x) € C»((x)-^), ^ > 2, 
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is treated. In [Kj, spectral projections ^/(-B) for bounded intervals / such that 
±771 ^ J'^' are constructed by stationary arguments, and local wave operators 

s- lim e **^e-"^-lj(Seo) = 
t— ^±00 

are shown to exist, for Bo^ being the generator of the free Klein- Gordon equation 
obtained for = —A + 777^ and v{x) = 0. 

Their ranges are shown to be equal to the range of Il/(i?), which is a result of 
local asymptotic completeness of wave operators. 

However the results of [K] do not yield a complete classification of e~'*^ on the 
whole energy space f , because the closure of the ranges of when / runs over 
all allowed intervals I is not characterized in terms of the spectral theory of B. For 
example it is not known if the limits 

s— lim lr„i+e ~ P± exist. 

e-)-0,-R-i-+co 

Besides the stationary method used in [K] does not adapt easily to long-range 
potentials. 

In this paper we reconsider this problem using two tools: 

the first tool is the theory of selfadjoint operators on Krein spaces (see Ap- 
pendices |A] and |b] for a brief summary). Krein spaces are complete, hilbertizable 
vector spaces equipped with a bounded, non-degenerate but non-positive hermit- 
ian sesquilinear form h[-, ■], the adjoint of a densely defined linear operator being 
defined with respect to h. Among selfadjoint operators on a Krein space, the class 
of definitizahle selfadjoint operators is of primary importance. Definitizable oper- 
ators on a Krein space are quite close to selfadjoint operators on a Hilbert space: 
although they may have complex eigenvalues, they admit a (smooth) functional 



calculus on the real line (see Subsect. B.3 for a self-contained presentation) and 



also spectral projections Il7(-B) for a class of intervals / C M. 

The idea of using Krein space theory to study the Klein-Gordon equation with a 
non-positive energy is of course not new. Equations coming from classical mechanics 
(like the Klein-Gordon equation) are actually typical applications of Krein space 
theory. We mention among others the papers [J2l [J3l ILNTll ILNT2] . However in 
these works the Krein space theory is mainly used to prove the existence of the 
dynamics e~'*^, to show that the number of complex eigenvalues of B is finite 
or to get a priori estimates on the spectrum of B. The scattering theory is not 
considered. 

Our second tool is an adaptation to the framework of definitizable selfadjoint 
operators on Krein spaces of the time- dependent approach to Hilbert space scatter- 
ing theory, in the version initiated by Sigal and Soffer jSS| . based on propagation 
estimates. The method of propagation estimates proved very powerful and flexible 
to study scattering theory for Schrodinger operators, in particular for the problem 
of asymptotic completeness of wave operators. For wave or Klein-Gordon equations 
on some stationary manifolds it has been developed by Hafner [H]. 

Its adaptation to the Krein space setup requires some care, because one needs 
to work with two sesquilinear forms, the non-positive one defining the Krein scalar 
product, and a positive one defining the hilbertizable topology, the dynamics e~''^ 
preserving the first, but of course not the second. 

1.3. Description of the results. Let us now briefly describe the results of this 
paper, summarized in Sect. |4j We assume decay hypotheses like those outlined in 
Subsect. |1.1[ although the electric potential may have a singular short-range part 
(see Subsect. |3.1| for precise statements). 

If i3 is a deflnitizable operator on a Krein space, there is a flnite subset of 
(j{B) n M, called the set of critical points of B which plays a special role. We have 
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to assume that the points ±m, which are boundaries of the essential spectrum of 
B, are not critical points. A sufficient condition for this to hold is that there are 
no eigenstates of B for the eigenvalues ±m with negative energy. 

As in Hilbert space scattering theory we split the energy space £ into 

(1-3) £: = £pp(B)e^£3catt(s), 

where £pp{B) is the closure of the sum of the (generalized) eigenspaces of B for all 
(real and complex) eigenvalues of B, and iS'scatt(^) is its orthogonal complement for 

h[;-]. 

We first discuss the short-range case n > 1. Let us denote by £oo the energy 
space for the free Klein-Gordon equation, whose generator is denoted by Boo- We 



prove in Thm. 4.3 that for all / e £oo there exist e fscatt(S) such that 
g-iti3oc J ^ e''*^/± + o(l), t ±oo. 

The maps ^if '■ f ^ are called the short-range wave operators. As in the 
Schrodinger case the wave operators intertwine the free and interacting dynamics. 
Moreover we prove that 

Ran^i^ = £scatt(S), 

hence the wave operators fij are complete. 

In the long-range case < /i < 1, we need to assume that the potential v is 
of constant sign near infinity, which is not a serious restriction from the point of 
view of physical applications. Similarly to the Schrodinger case, we introduce a 
time-independent modifier T (which is a Fourier integral operator), and show for 
all / e £ao the existence of e £scatt{B) such that 

The long-range wave operators Vl^ '■ f ^ have the same properties as in the 
short-range case, in particular they are complete. 

1.4. Symplectic point of viev^r. Introducing the conjugate variables: 
iptix) = 0(t, x), TTtix) = dt(j){t, x) - iv{x)(j){t, x), 



one can consider the evolution for (1.2) as a (complex) symplectic fiow, obtained 
from the symplectic form 



((pi,7ri)w((/?2,7r2) / iti{x)lp2{x) - ipi{x)TT2{x)dx, 

and the classical Hamiltonian: 

h{ip, tt) / 7f(a;)7r(a;) + ^{x)e^(p{x) — iip{x)v{x)'K{x) + iW{x)v{x)ip{x)dx. 



This point of view is of course important for the quantization of the Klein-Gordon 
equation (see e.g. |DG2) ). 

From the results explained above, it is easy to show that the two subspaces 



£pp{B) and £'scatt(-S) are symplectic spaces and that the direct sum in (1.3) is 
orthogonal for the symplectic form. The wave operators are invertible symplectic 
transformations. On £scatt{B) the symplectic flow e~''^ is hence symplectically 
equivalent to the free symplectic flow e~'*'^°°. Therefore the scattering theory for 
the Klein-Gordon equation ( |1.2[ ) is parallel to the scattering theory for two-body 
Schroedinger operators, replacing unitary groups by symplectic flows. 
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1.5. Some open problems. Let us mention some open problems. The first prob- 
lem would be to accommodate potentials with local Coulomb singularities ( for 
d = 3). The coupling constant should be sufficiently small so that — is well 
defined. Another problem would be to consider the wave equation i.e. put m = 0. 

A related problem which could be treated by the methods of this paper is the 
modified wave equation: 

{dt^d^v){dt + vd^)(i){t,x) - dl(l){t,x)+d^<l){t,x) = 0, in Mf x M^, 

where v{x) — >■ Voc with |tioo| < 1 at ±oo. This field equation appears in the black 
hole laser effect, see eg Coutant-Parentani [CPj . 

A more difficult problem would be to extend the methods of this paper to the one- 
dimensional Klein-Gordon or wave equations with step-like potentials considered 
by Bachelot |Baj . If the electric potential v{x) has two limits v± at ±oo with 



\v+ — w-l > 2m then the energy space is not a Pontryagin space (see Def. A. 2) and 
hence the generator of the dynamics is not necessarily definitizable. 

1.6. Plan of the paper. In Sect. [2]we discuss the abstract charged Klein-Gordon 
equation, recalling its symplectic and Krein space aspects. Sect. |3]is devoted to 
the concrete Klein-Gordon equation that we consider in this paper. We collect the 
various hypotheses and describe properties of the essential and point spectrum of 
the generator B. 

In Sect. |4]we state the main results of the paper, on existence and completeness 
of wave operators, both in the short- and long-range case. In Sect. [5] we describe 
an approximate diagonalization of the generator B and collect various technical 
estimates, obtained from standard pseudo-differential calculus. The most important 



is Prop. 5/7 which is the analog of the Mourre estimate in our setup. In Sect. |6] 



we prove various propagation estimates. Their intuitive content is similar to the 
positive energy case (see e.g. [H]) but the abstract setup is different and explained 
in Append ix [C| 

In Sect. [7]we prove the existence and completeness of intermediate wave opera- 
tors, allowing to remove a short-range part of the potential. The resulting dynamics 
has a positive energy, and its scattering theory is studied in Sect. [Sj using rather 
standard arguments. The proofs of the main results of Sect. |4]are given in Sect. [9j 

Appendix [K\ and Appendix [B] are devoted to a rather self-contained introduction 
to Krein spaces and definitizable operators. For Krein spaces a classic reference 
is the book by Bognar |Bo| . The theory of definitizable operators is covered in a 
survey article by Langer jLa| . We include in Appendix |b] a presentation of smooth 
and Borel functional calculus for definitizable operators based on almost analytic 
extensions. 

Appendix [C] is devoted to propagation estimates for unitary groups on a Krein 
space with a definitizable generator. Finally we recall in Appendix [D] various facts 
on pseudo-differential and Fourier integral operators. 

1.7. Notation. We now collect some notation which will be use throughout this 
paper. 

The domain of a linear operator a on a Hilbert space [} will be denoted by Doma. 
If a is selfadjoint operator, we will write a > if a > and Kera = {0}. Note that 
if a > and s e M, \\h\\s — ||a~*ft,||(, is a norm on Doma~*. We denote then by a^f) 
the completion of Doma~* for the norm || ||s. The map extends as a unitary 
operator from a*[} to a''"'"*[). One example of this notation are the familiar Sobolev 
spaces, where H''(R'^) is equal to (-A + 1)-''^^L'^{R'^). 

For a map K 5^ B{t) e B([)) we write B[t) e 0{t^') ii \\B{t)\\ < Ct^' for \t\ > 1. 

A complex symplectic space will be denoted by the letter y. A Krein space (see 
Appendix IaI) will be denoted by the letter K.. The energy space associated to a 
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Klein-Gordon equation (which is an example of a Krein space) will be denoted by 
the letter £. 

As usual we set = \~'^dx, and {x) = (1 + a;^)2 . 

For — oo < a < h < +00 we denote by F{a < \ < h) a function in C°°(M) 
supported in [a, b] and equal to 1 in [a/2, h/2]. 

2. Abstract Klein-Gordon equation 

In this section we consider an abstract Klein-Gordon equation corresponding 
to the Klein-Gordon field minimally coupled to an external elcc;tro-magnctic field. 
We discuss the various ways of writing it as a one-parameter evolution group and 
the associated conserved quantities. Our approach in most of this section will be 
formal, ie we will not discuss the problem of existence and uniqueness of solutions. 

Let [) be a complex Hilbert space, e, v two selfadjoint operators on f). The scalar 
product on f) will be denoted by (/11I/12) or sometimes by h\-h2- 

The abstract Klein-Gordon equation is: 

(2.1) {dt-wf<i){t) + e^cl){t) = Q, 

where : M ^ {). 

2.1. Symplectic setup. Let 3^ = f) ® f) whose elements are denoted by ((^,7r). 
We consider 3^ as a complex symplectic space by equipping it with the complex 
symplectic form ( i.e. sesquilinear, non-degenerate, anti-hermitian) : 



((^i,7ri)w(<^2,7r2) := tti • (^2 - • t^2- 

The classical Hamiltonian is: 

h{(p, 7r) := W ■ n + ■ e^ip — iJp ■ vtt + in ■ vtp. 

We consider uj,h as maps from y to y* , where y* is the space of anti-linear forms 
on y and set: 

(2.2) A := -iw-i/i = 



V —1 
ie^ V 



If we set 





|:=e«^( 




V J 







then 
(2.3) 



^tpt =7Tt +iv<fit, 



hence (j}{t) = (pt solves the following Cauchy problem for the Klein-Gordon equation: 

r {dt - iv)^(i>{t) + = 0, 

\ 0(0) = dt^{0)=iT + w^. 

Clearly the group e'*'^ preserves uj (c'*^ is a complex symplectic flow) and h. 

2.2. PDE setup. Since in this paper we will mostly use the conserved quantity h, 
it is more convenient to adopt the standard setup from partial differential equations. 
We consider the Cauchy problem: 

r {dt - iv^m + e^(t) = 0, 
1 <^(o) = /o, -idtm = h- 



(2.4) 

Setting 



r = 



m 
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(|2.4|) is rewritten as: 

11 



(2.5) /* = e-'*^/, B 



2v 



The symplectic form and classical Hamiltonian become: 

Jojg = -i(/o • gi + /i • go - 2/o • vgo) , 
h[fj]= \\fir + {fo\ie'-v')fo)- 



The sesquilinear form g = io; is hcrmitian and often called the charge. From (2.2) 
we obtain that: 

(2.6) 7-Log = ih[f,B-'g]. 

2.3. Krein space approach to the abstract Klein-Gordon equation. We 

now recall some results due to |LNT1| about the Krein space approach to the 
abstract Klein-Gordon equation and existence of the dynamics e"'*"^. We refer 
the reader to Appendices |Aj |B] for terminology concerning Krein spaces. We first 
introduce some assumptions: 

(El) > m^, m > 0, 

(E2) V is e — bounded with relative bound < 1, 
(E3) ^ ap(e2 - v^), 

(E4) Tr]l]_^,o](e'-«') <oo- 

Proposition 2.1 ( |LNT1] ). Assume (El), (E2), (E3). Then: 

(1) the Hilbert space £ = e~^^ © f) equipped with the sesquilinear form h[-, •] is a 
Krein space; 

(2) the operator B on E defined in (2.5) with domain Dom(e^ — w^) © e~^f) is 
closed, selfadjoint on {£,h[-, •]) with S p{B). 

Assume (El), (E2), (E3), (E4). Then: 

(3) {£,h[-,-]) is a Pontryagin space; 

(4) B generates a strongly continuous group (e^'*^)igR of hounded unitary opera- 
tors on (£,h[-,-\) and hence the Cauchy problem {2.4) has a unique solution. 

3. Concrete Klein-Gordon equation 

In this section we fix some hypotheses that we will impose for the rest of the 
paper. We also discuss some properties of the eigenvalues of B. For m S M we 
denote by S""(M'') the space of functions / € C°°{R'^) such that d^f S C'((a;)'"-I"l), 
for all a € N. 

3.1. Assumptions. We set f) := L^(M'') and consider the Klein-Gordon equation 
(I2II) for: 



e 



2 



c{x)-^{{D^ - b{x)),A{x){D., - b{x)))c{x)-^ + m^x), 



where A(a;) = [a^'']{x), b{x) — {bi{x), . . . ,bd{x)), a^'^{x), bj{x), c{x) m{x) are real 
functions satisfying: 

Col < [a^^]{x) < cil, Co < c{x) < ci, cq < m{x) < ci, 

for some cn > 0, 

(Al) 

[a^'^Kx) - 1, b{x), c{x) - 1, m{x) -me 5-^"(M'^), 
for some m > 0, fiQ > 0. 
Clearly is selfadjoint on i7^(M'*) — e^^f) and there exists mo > such that 
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Concerning the scalar potential v we assume that v — v{x) is a multiplication 
operator with 

(A2) v'^e^^ : [) ^- f) is compact for fc = 1, 2. 

It follows that e^ — v^ with domain e^^f) is selfadjoint and bounded below. It follows 
also from (Al), (A2) that: 

crcss(e^ - w^) = o-ess(e^) = [m^, +oo[. 
We assume also the analog of (E3): 

(A3) 0^ap(e2-^2^. 



By Prop. 2.1 the Krein space 
equipped with 

M/,/] = ll/ill' + (/o|(e^-«')/o) 
is a Pontryagin space. It follows from Lemma |B.3| that B is definitizable with a 
definitizing polynomial p of even degree. We denote by Cp{B) the set of associated 
critical points. 

It follows also from (A2) that Domi? e~^t) ® e~^\) and we can write 



B = B^ + V, Bo = -[ " ^ h ^ = I „2 



1 \ / 



where F is Sq— compact. We have then 

(3.1) crcss(^) = crcss(So) =] - oo, U [m, +oo[, 

where the second equality follows by using the transformation U defined in Subsect. 
Ofor u = 0. 

It will be useful to be able to split the potential v as the sum of a short-range 
part and a smooth long-range part. Therefore we assume: 

(A4) v{x) = v^{x) + vi{x), 

where: 

(3.2) ?;,(x)e5-^'(M'^)/i,>0, 

(3.3) {xY^v'lt''^ is bounded for fc = 1, 2, /x^ > 1. 

3.2. Properties of eigenvalues and critical points. In this subsection we dis- 
cuss the possible location of critical points (see Def. B.2) and real eigenvalues of 
B. For the scattering theory it will be important to know that there are no critical 
points of B embedded in the essential spectrum. 

Proposition 3.1. Assume that v — Vi + V2 where: 

d'^vi G 0((a;)-^-l"l), |a| < 2, 

V2 has compact support^ V2 G L'^{R'^). 

Then ap{B) n M C [-m, m] . 

Proof. An easy computation shows that: 

^ h + m^, 

for 

h = Yl DjC^^{x)Dk + ^ dj{x)Dj + Djdj{x) -f r{x), 



(Bl) 
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with [c^'']{x) - 1, dj{x), r{x) in S'-^«(M'^). We see that Bf = Xf iff /i(A)/o = Efo 
and /i = -A/o for 

h{X) = h-V^ - 2\V, E^\^ - TT?. 

Therefore to prove the proposition it suffices to show that /i(A) has no strictly 
positive eigenvalues. According to IKTl Thm. 11], this is the case if we can write 
the potential 2\v - -u^ as + where G L'^l'^i^^) and: 

9"V, e o((a;)-l"l), |a| < 1, G C)((x)-I"l), |a| = 2. 

We take Vi = 2Awi - v\, Vs = 2At;2 - f | - 2t)ii;2- □ 

We introduce now an important implicit condition, stating that ±m are not 
critical points: 

(B2) TO, -TO ^ Cp(B). 

We now give some sufficient conditions for (B2). We recall that = /i + rr? . 

Lemma 3.2. (1) Assume that 

hu + {±2mv - v'^)u = 0, It e H'^{W^), 

"^^ll^llis ^ m{u\vu) < 0, 

Then (B2) holds: 
(2) Assume that = — A + . If either 

\\v\\oo < V2rn, 

or 

V has constant sign, ||w|loo < 2to, 

then (B2) holds. 

Proof. The condition in (1) is equivalent to 

Bf = ±mf, h[f,f]<0^ f = 0. 

By the proof of Thm. |B.3[ we see that critical points are eigenvalues of the re- 
striction of i? to a subspace on which h is non positive. Hence the condition in (1) 
implies that ±to ^ Cp{B). To prove the first statement of (2), we note that using 
the first condition in (1), the second becomes to^||u|P + i||Vu|p — ^HwmIP < 0. To 
prove the second statement of (2), we note that if u < the second condition of (1) 
for the — sign implies that u ^ 0. IfO<w< 2to then 2TOi; — > hence the first 
condition of (1) for the + sign implies that u = 0. The argument for the reversed 
signs is similar. □ 

4. Main results 

In this section we describe the results of this paper. 

4.1. Spectrum of B. We first summarize what we know about the spectrum of 
B. We set a^p{B) = app(S)\M, afp{B) = app(B) nK. 

Proposition 4.1. Assume hypotheses (A), (B). Then: 

(1) cross(B) - cx), -to] U [to, -|-oo[; 

(2) (Tpp(_B) = UjLil^ji^j}; where Zj, 'Zj are eigenvalues of finite algebraic multi- 
plicities; 

(3) crpp(-B) C [—TO, to] is a (finite or infinite) sequence (Aj)jgN of eigenvalues which 
can accumulate only at ±m, the eigenvalues in] —m,m[ have finite algebraic 
multiplicities; 

(4) \cp{B) have trivial Jordan blocks. 



u = 0. 
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Figure 1 . The spectrum of B 



4.2. Bound and scattering states. We set 

]lpp(S):= EAe.«^(B)]l{A}(S), 
]lpp(B):= ]i;jp(i?) + ]l«p(B). 
Here E{z,B) for z G CTp (B) is the Riesz spectral projection on z (see Appendix 



|B|. If A e cr«p(B)\cp(B), then t{x}{B) is defined in Subsect. |R4j If A € Cp{B) 
then = ]![>,_£ (B) for all e > small enough. 

The first sum is finite, the second strongly convergent. In fact, since (TessiB) (1 
[— m, m] = 0, there exist ^ > such that all real eigenvalues except for a finite 
number of them belong to / = [— rn — S, —M + 5] U [m — 5, m + 5]. Since ±m are 



not critical points of B, the subspace l.i{B)£ is positive. By Prop. A. 8 -Js is a 
Hilbertian norm on '^i{B)£^ equivalent to the energy norm. This proves the strong 
convergence by the usual Hilbert space argument. We set: 

£p^[B) := llpp(^)^> £ ^pp(^) ®^ fscatt(B). 
The properties of £p-p{B) and £scatt{B) are summarized in the following proposition: 

Proposition 4.2. (1) £pp(_B) and £sca.tt{B) are Krein subspaces of£, invariant 
under (e"'*-^)feR; 

(2) £pp(_B) and £sc!i.tt{B) are closed symplectic subspaces of £ and are symplecti- 
cally orthogonal; 

(3) Let u G £pp(B). Then 

e-'*^M= e-''^E{z,B)u+ ^ e-"^]l{A} 

where the first sum is finite, the second strongly convergent, uniformly for 
t e K; 

(4) one has 

£scatt{B) = li 

— oo,— m[U]m,+cx3[ 

{B)£. 

The space £scatt(^) will be called the space of scattering states for B. 
Proof. (1) follows from Appendices |A) [b] (2) follows from (1) and To 



prove (3) we use that the real eigenvalues of B can accumulate only at ±m, that 
±TO ^ Cp{B) and that the eigenvalues of B in M.\cp{B) have trivial Jordan blocks 
(see Prop. |B.6[). (4) follows from Prop. |B.11|(4) and the fact that ±m ^ Cp{B). □ 
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4.3. Existence and completeness of short-range wave operators. In this 
subsection we assume hypotheses (Al) for > 1, (A2), (A3), (A4) for vi = 0, and 
(B). In other words we are in the short-range case. We set ■= {M.'^) G) L"^ {M.'^) , 
equipped with the usual energy scalar product: 

h^UJ] = (/il/i) + (/ol4/o), 4 i-A + m^), 
so that £"00 = £ as topological spaces. We set also 

[el 

which is the generator of the free Klein-Gordon evolution with mass m. 

Theorem 4.3. Assume hypotheses (Al) for fig > 1, (A3), (A4) for vi 

and (B). Then: 

(1) for all f G £00 there exist unique € £scatt{B) such that 

e-i*S/± _ e-"s~/ 0, t ^ ±00. 

(2) Let us define the short-range wave operators ilf : 

Q± ^00 ~^ ^scatt(-B), 
^ f -^f^- 

Then: 

{{) are bounded symplectic transformations, 

(m) r2±e-"-^~ = e-'*^nf, t e M, 

(Hi) Clf are unitary from (foo, /ioo[-, •]) to {£sca.tt{B) , h[- , ■]) . 
The proof will be given in Subsect. |9.1[ 



4.4. Existence and completeness of long-range wave operators. We assume 
now hypotheses (A), (B), i.e. we are in the long-range case. As in the case of 
Schrodinger operators, it is necessary to introduce a modified free dynamics to 
define the wave operators. We choose to use time-independent modifiers analogous 
to those introduced by Isozaki-Kitada for Schrodinger operators [IK] . It turns out 
that it is necessary to assume that the long-range potential vi is of constant sign 
near infinity. This is not a serious restriction from the point of view of physical 
applications. Hence we introduce the hypothesis 

(C) ±vi{x) > for |a;| > 1. 



Let us now define the time-independent modifiers. We recall from Subsect. 3.2 that 
£2 ^ Op^'e^ for 

jk 3 

where 

W%x) - t,dj{x),r{x) e S'"--«'(M2'i). 
We denote by tf± (x, ^) the functions introduced in Lemma 8.3 We recall that they 
solve the eikonal equations (see Appendix D.2): 

±e>,9,(^±(x,0) - vi{x) = ±(^2 ^m2)i, 

in some outgoing/incoming regions. We denote by j± the associated Fourier integral 
operators defined as: 



j±u{x) = (27r)-'*y e''^±(^'«)-'«-«u(2/)d2/dC, 
which are bounded operators on L?'(W^) and H^(K^). 
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Definition 4.4. The time-independent modifier T is defined as 

where we use the ± sign according to the sign of vi in (C). 

Theorem 4.5. Assume hypotheses (A), (B) and (C). Then: 

(1) for all f e £oo there exist unique f^ € fscatt(5) smc/i t/iat 

g-itSy± _ j,g-itB^ J 0, i -> ±oo. 

(2) Let us define the long-range wave operators flf^ : 

■■ f ^f±. 

Then: 

(i) flf^ are bounded, symplectic transformations, 

(m) r2±e-'*-^- = c-"-^r2±, t e M, 

(zm) fi,''= are unitary from (foo, /ioo[-, •]) to (fscatt(B), •]). 
The proof will be given in Subsect. |9.2[ 

5. Technical estimates 

In this section we describe an approximate diagonalization of B. We also collect 
some technical estimates which will be used later. We assume hypotheses (A) and 
(Bl). 

5.1. Approximate diagonalization. We use the notation F{a < A < fe) ex- 
plained in Subsect. |1.7| 

Replacing vi{x) by F{\x\ > c)vi{x) and Vs{x) by Vs{x) + F{\x\ < c)vi{x) for c ^ 1 
we can assume that: 

2 2 \ 2 /A 

We set: 

r t;2 - vf ^ + 2v,Vu b := (e^ - wf)3, 
and write B as the operator sum: 

B = Bi+R, Br.= -(^ °^2) 
We equip the Krein space £ with the norm 

\\fr-\\h\\' + ifo\ie'^vr)fo), 

which yields the same topology. 

It is convenient to unitarily (as Hilbert spaces) map £ to f) [) using the map: 

1 / & -1\ 1 / 





f 








-2v, 1 



Then U : f — > f) f) is unitary and 

vi /' """" " 2V r6-i-2t>s rb^^+2vs 



UB,W=\ ^-"^ V URU*- ^ ^ rb-^+2vs 



We set now: 



Lo := 



b 

-b 



\ _ _ 1 / rfe 1 + 2ws rfe 1 - 2ws 
' ' VI -VI I ' 2 I rfe-i - 2i;, rfe-^ + 2w, 
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and 

(5.2) L UBU-^ = Lq + V, V Vi + 

which is closed with DoniL = e~^[} ® e~^f). 

After conjugation by U, the Krein bihnear form h[-,-] becomes: 

[u,u] := h[U-'^u,U-^u] = {u\{l + K)u), 

for 

1 



Let us summarize the results of this reduction: 
-we work on the space 

/C = [)©(),() = L2(]^d) ^i^-h its natural Hilbert space 

topology. 

-the space JC is equipped with the Krein bilinear form: 

[u,u] = (m|(11 + K)u), 



where K is defined in (5.3 1, so that (/C, [•,_]) is a Pontryagin space. 

-we consider the operator L defined in (5.2 1, which is closed with domain e~^[) © 
e"^f) — H^{M.'^). The operator L is selfadjoint on the Pontryagin space 

(/C, [•, •]) and hence definitizable with a definitizing polynomial of even degree. 

5.2. Estimates on scalar operators. In this subsection we collect various esti- 
mates involving b, vi and Vg. We set 

(5.4) Coo := {D^ + m^)i, a := ^(x- 2 + n2 ^ 2 •^)- 

Note that a is selfadjoint on L2(M'^) with domain Doma = {u E : au G L^}. 
The symbol classes S'"^'P{R'^'^) are defined in Appendix [pj 

Proposition 5.1. (1) [b, {x)] is bounded; 
(2) b'^lb^^ , (x)] is bounded; 
(3) 

[5, ia] =6 '^(6^ — TO^) + T, where T is compact; 

(4) /e< F(a;,^) € S°^°{E.'^'^) with suppF C > c} /or some c> 0. Then 

[&,iF(f ,i5,)] = ie;o^(i?. • V^F{^,D,) + D, ■ V,F(f ,7?,))e-^ 
+0(t-i-^), (5 > 0; 

(5) Let G,Gi G C°°(M'') bounded with all derivatives with ^ suppG, Gi anrf 
GiG = G. Then: 

6-iG(|) = Gi(|)riG(|) + i?(t), 

w/iere 

5i?(t), b^R{t)b-^ e 0(i-2). 



Proposition 5.2. Let F{x,C) as in Prop. 5.1 Then 
(1) 

[«Kx),F(^,i?,)]GO(i-i-^'); 

(2) w,i^(f,D^)6-i, F(f,L>^)w,6"i e O(t-^0; 

(3) r6-iF(f,i?,)fe-i F(f,i^,)r6-2 eO((t-A'=) + 0(f-2). 
It follows that 

[v,,Fi^,D,)]b-' e 0{t-^^), [rb-\Fij,D,)]b-' e O(t-^0 + ^(t-^). 
Proof. The proofs will be given in Subsect. |E.1[ □ 
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5.3. Estimates on matrix operators. If c is an operator on f), we still denote 
c 



by c the operator 







Lemma 5.3. Let x G C'o°(IR) o-nd F{x,^) as in Prop. 5.1. Then 

(1) x{L) — x(-^o) is compact, 

(2) {x{L) - x{Lo)) F{^,D,) e 0{t-'), S > 0, 

(3) {xy+^Vse-^ IS bounded, S > 0, 

(4) {x)x{L){x)^^ , {x)~^xiL){x) are bounded, 

(5) [x{L),F{^,D,)]eO{t-'), 6>0. 

Proof, we will use the functional calculus defined in Subsect. 
almost- analytic extensions. 
(1): We have: 



B.31 based on 



X{L) - xiLo) = 



27r 



^^^{z - L)-^V{z - Lo)-' dz A dz. 
oz 



We use the estimates (see Lemma [B.7| for the first one): 

\\{z-L)-^\\ <C|Imzr™-\ \\Lo{z-Lo)-'\\ < C\lmz\-\ z G suppx, 

and the fact that VL^^ is compact by (A2). This proves (1). 
(2): We write 

{z~L)-^V{z-Lo)-'F{^,D,) 

= (z - L)-^VF{f,D.,){z - Lo)-i + {z- L)-^V{z - Lo)-'[Lo, F{f,DMz ~ L^)-\ 



It follows from Prop. 5.2 (2), (3) that VsF{^,D^)L^^^ e 0{t 



By (3.2) 



ViF(f,D^) e 0{t-^''). Therefore the first term in the r.h.s. is 0(t"'^)(z> |Imz| 



-rn — 'Z 



The second term is 0{t |Imz| 



-m— 3 



(3): 



and 



This gives (2) 



re are bounded by (3.3). This implies (3). 



(4): We first claim that [Lq, {x)] and \y, {x)] = [Vg, (x)] are bounded. The first 
claim follows from Prop. |5.1| (1). To prove the second we note that 

[rb-\ (x)] = r[b~\ (x)] = rb-^b^[b-\ (x)] 



is bounded, since rb ^ is bounded by (3.3 1 and b'^[b ^, {x)] is bounded by Prop. 
(2). Next we write 

{x){z - L)-\x}-^ = {z- L)-i + {z- L)-^[L, {x)]{z - L)-^ {x)-\ 



5.1 



and use (B.6). 

(5): by (2) it suffices to estimate [x{Lq),F]. The result follows then from pseudo- 
differential calculus, see e.g. |DG1[ Appendix D]. □ 



Proposition 5.4. Let F be as above and x G C^iji 



Then: 



(5.5) 



x{L)[V,iF{-,D^)]x{L)&0{t- 



-1-5 



), 5>Q. 



Proof, we apply Prop. |5.2| (1) and Prop. 5.2 (2), (3), using that bx{L) is bounded 
since x{L) maps f) ® () into DomL = e^^f) © e^^f). □ 



Proposition 5.5. Let G e C°°{] 
and K be defined in {5.3). Then: 



bounded with all derivatives with ^ suppG 



KGi-) eO{t-^'^)+0{t-^). 



SCATTERING THEORY FOR KLEIN-GORDON EQUATIONS 



15 



Proof. Let Gi(f ) as in Prop. O (5) .We have 



b-^rb-^Gi-) = b-\Gi{-)b-^G{-)+b-\R{t) = b-^rGi[-)b-^G{-)+b-^rb-^bR{t) 
Now 6-VGi(f e Oit-t'^), b-^rb-^ is bounded and bR{t) e 0{t-^) by Prop. 



5.1 (5). □ 



Proposition 5.6 

(1) [Lq, ia] = 



b-^{b^-m^) 



-6-3(52 _ ^2) 

2) x(L) [V, ia]x(L) is compact. 



R, where R is compact, 



Proof. : (1) follows from Prop. |5.1| (3). Since [vi, ia] is compact so is [V/, ia]. From 
Lemma 5.3 (3) we see that x{L)Vsa and aVsx{L) are compact. This implies (2). □ 

5.4. Positive commutators. In this subsection we prove a key result on local 
positivity of the commutator [L,ia]. Its form is different from the usual selfadjoint 
case, because the two scalar products [•, •] and (-I-) play a role (see Rem. 5.8). 



Proposition 5.7. Let a be defined in (5.4-) and let Aq G M with ±Ao > m. Set 
X5(A) = F{5-^X) where F e C^f (M), F[\) = 1 for |A - Ao| < 1, F{\) = for 
|A-Ao| >2. 

Then there exists cq > 0, g € C(^{R) and Rs G B{K,) such that: 
±Xs{L)[L,ia]xs{L) 
= coXs{L){t + K)-^xs{L) + xUL)9HL) + Xsimi + K)-^Rsxs{L), 
with 

hm Rs = 0. 

<5-i.O 



(5.6) 



Remark 5.8. Taking expectation values of (5.6) for the Krein scalar product, we 
obtain 

±[u,Xs{L)[L,ia]xs{L)u\ 

= co{xs{L)u\xs{L)u) + [g{L)xs{L)u, g(L)xs{L)u] 

+{xs{L)u\Rsxs{L)u), u£jC. 

Proof. We treat only the case Ao > m, the case Ao < — m being similar except for 
the change of signs. Let x G C'§°(M) supported in ]m, +oo[. Then: 



x{L)mia]x{L)^ X{L)(^ 
= x(io) 
= x(io) 



6-3(62 - 


m2) 





-6-3(62 - 


6-3(62 - 


rn2) 





-6-3(62 - 


6-3(62 - 


m2) 





6-3(62- 




- m2)) x{Lo) + 



x{La) + R1+R2 
xiLo) + Ri + R2 



where R2 are compact and we used successively Prop. 5.6 Lemma 5.3 (1) and 
the fact that suppx c]to, +00 [. 

Clearly there exists cq > and g £ C^(U.) such that: 

X\X) (|A|-3(A2 - ™2)) ^ ,^^2(^) ^ x'WW- 

Using once more Lemma |5.3| (1), we obtain: 

X{L)[L, ia]x{L) = coxHL) + x\L)9\L) + R, 
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where R is compact. Since K is compact this yields: 
xmLAaML) 

(5.7) = cox{L){t + K)-^x{L) + cox{L)K{l + K)-'xiL)+xHL)9HL)+R 

= cox{L){t + K)-\{L) + x\L)9\L) + 

where Ri is compact. 

Since Aq > m, we know using (Bl) and Prop. 3.1 that Aq is not an eigenvalue of 
L and hence by Prop. B.ll (2): 

(5.8) s— lim xsiL) — 0, and hence lim xs{L)Ri — 0. 

5— >0 <5— >0 



Multiplying to the left and right both sides of (5.7) by xs{L) we obtain: 
Xs{L)[L,\a]xs{L) 

= coXs{L){t + K)-^Xs{L) + x^{L)gHL) + X5{L)x2s{L)RiX2s{L)xs{L) 
= c^X8[L){\ + KY^xm + xK^)5'(i) + X5(i)(]l + K)-^R8Xm, 

for 

i?5 = (\ + K)xiAV)R^X28{V)- 
Using (5.8) this completes the proof of the proposition. □ 

6. Propagation estimates 

In all this section we assume hypotheses (A), (B). We will prove propagation 
estimates for e~'*^. Their content is parallel to the well-known selfadjoint case. 
The abstract setup for propagation estimates on Krein spaces is however different, 
and developed in Appendix [Cj We denote as usual by 

Do$(t)-at$(<) + [Lo,i$(i)], 

D$(t) =at$(i) + [L,i$(t)], 

the free and interacting Heisenberg derivatives. We recall that we use the notation 
explained at the beginning of Subsect. |5.3| for scalar operators. We recall also that 
all operator inequalities are to be understood in Hilbert sense, it A > means 
(u\Au) > 0. 

6.1. Large velocity estimates. 

Proposition 6.1. Let x G (^[^(IR) with suppx n Cp{L) = 0. Then: 
(t) *//eCo°°(]l,+oo[).- 

\\fi^%-''\iL)ur^ <c\\ur. 



t ' ' ii ^ 

i''''^) if f ^ C°°(M) is bounded and supp/ c]l,+oo[ then: 

s- lim /(M)e-i*i^(L)=0. 

t->-|-oo t 

Proof. 

Proof of (i): 

Fix 1 < 9o < 01 < 62, f € C^i[0o,+oo[) with / = 1 on [01,02] and F{s) = 
^Il^fHsMsi. Set: 

<i>(t)=F(M). 

Let us fix xi G C'o°(I'^) supported away from critical points with xiX = X- Then: 
Xi(L)DF(M)^^(i) = ;^i(i)Don^)Xi(i) + x(i)[^,in^)]xiW, 
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where 

(6.1) \\xiiL)[V,iFC-f)]xiiL)\\eOit- 



by Prop. 5.4 We have by Prop. 5.1 (4): 
9,F(M)±[6,i^(M)] 

> f/'(¥) + ori-^), 



using that \\e^D^\\ < 1 and 6*0 > 1. Hence 

(6.2) Don^)>yf(^) + 0(^-1-^). 

We claim that we can apply Corollary |C . 2| for 

i?oW= Xi{L)[V,iFO-^)]xi{L), 
D{t)= DoF(M). 



follow from (6.2) 



In fact applying Prop. 5.5 we see that KD(t) S 0{t ^ ) hence condition ii) of 



Corollary C.2 is satisfied. Condition i) is satisfied by (6.1), conditions in) and iv) 



Proof of (ii): 

We take F, / as above and set Fnt = F{^-^^), fm = /(J||) for i? > 1. Using the 
computations above with t replaced by Rt we get that: 



KFRt e 0{{Rt)-^), S > 
KBoFnt e 0{{Rty 



x{L)[V,iFRtML) e OiiRt)-^-'), X e C^{R), 



-1-S\ 



(6.4) DoFRt = \fRtT{R, t)fRt + 0{{Rt) 

CqI < T(R,t) < cil, Co > 0. 
Setting now ut — e~ '*^x(L)u we deduce from (6.3 1, (6.4) that: 



f^[ut,FRtUt] = [ut,T>aFRtUt]+0{{Rt)-^-^) 
(6.5) = {ut\DoFR,tUt) + 0{{Rt)-^-^) 

= URtUt\T[R,t)fRtUt) + 0{{Rt)-^-'). 
Using (i) and Cauchy-Schwarz inequality we see that 

lim [ut, FRtUt] exists. 

i— f+oo 



Moreover by Prop. |5.5| and (6.3) we get: 

[uuFRtUt] = {ut\FRtUt) + {ut\KFRtUt) = {ut\FRtUt) + Q{{Rt)-^), 

hence: 

(6.6) lim [ut,FR,tUt\= lim [ut\FRtUt) <Q. 

t—^-\-oo >-+oo 

lim exists. 
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Integrating (6.5) between t = 1 and t = +oo wc obtain 

limt^+oo[ut, FiitUt] = liint^+oo{ut\FRtUt) 
= [ui,FrUi]+ J^^{fRtUt\T{R,t)fRtUt)dt + 0{R-^-^). 



Since T{R,t) > by (6.4), this implies using also (6.6) that 



0> lim [ut,FRtUt]>\[ui,FRUi]\+0{R~^-^). 

i— >-+oo 

The terms on the right tend to when R — )■ +00 hence: 



(6.7) 



lim lim [ut,FRtUt] = 0. 

-R— >-+oo i-+oo 



Since Fi — Fr G C^f (]1, +oo[) we have also using (i): 

lim [ut, {Ft - FRt)ut] = 0, 



and letting i? — >■ oo in the identity above using also (6.7) we obtain 



By (6.6) this yields 



lim [ut,FtUt] = 0. 



lim \\\Ft\--Ut\ 

t— f + C30 



which completes the proof of the proposition. □ 



6.2. Phase space propagation estimates. Set 

1 



(6.8) 
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considered as a vector of commuting operators on () ® [}. Note that v — [Loo, 12^], 
where ioo is defined in (8.6), hence has the meaning of the velocity operator. 



Proposition 6.2. Let x G C'5^(M) with suppx H [~m,m] 
(i) *//eCo°°(]0,+oo[).- 



Then: 



+00 



\\fC^){---X"'x{L)urj<c\\ur. 



(a) moreover: 



s- lim /( — )(v- -)x(L)e 

t— >-+oo t t 



0. 



Proof. 

Proof of (i): 

We assume first that suppx c]m, +cxi[. The case suppx c] — 00,— rn[ can be 
treated similarly replacing by — in the arguments below. 

We fix < 6*1 < 6*2 < 6*3, 6*3 > 1 and choose as usual a function R G C°°{R'') 
such that i? = near 0, V'^R{x) > and R{x) = — c for \x\ > 9i. We fix also 
J e C^(K) with J EE 1 on [0, 9^]. 

Set 



M{t) 



1 



1 



,Vi?(-)) + -(Vi?(-),v, 



2' t' H" 2'"'^ 
which is a 2 X 2 matrix of operators on [), following the notation introduced at the 



beginning of Subsect. 5.3 



m = j(M)M(i)j(M), 
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which is uniformly bounded. Let us pick xi G d^^Qm, +oo[)with xiX ~ X- Then 
Xi(i)D$(i)xi(L) 
= Xi(i)Do(j(^)M(i)J(^))xiW+Xi(i)[^,i*W]Xi(i) 
= xi(i)Do (j(^)AfW Xi(L) + 0{i-^-'\ 
by Prop. [5]4| Next 

Do (j(M)M(i)J(M)) 

= Do M(t) J(M) + J(M)M(i)Do (j(^) 

+J(M)(DoM(t))J(M). 
As in the proof of Prop. |5.5| we have 



Do j(^) - J/(^mt)/(^) + or ^-^), 

where / G C(f (]6lo, +oo[) and ||T(t)|| G 0(1). Commuting /(ifi) to the left or right 
we obtain: 

Do (j(^)) M(t) J(M) + j(M)M(t)Do 
= f /(^) (r(t)Af(t) + M{t)T{t)) /(M) + o(t-i-^-) 

where 

(6.9) 7V(t) T{t)M{t) + M(t)T{t) e 0(1), Ri{t) £ 0{t-^-^). 
We now compute DoAf(i). We consider the (scalar) operator: 

moit) = lWs~ f , Vi?(^)) + ^(Vi?(|), V, - |) + i?(|), 

so that M{t) = mo{t) (g) II2, and compute 

dtmoit) = -l^ ((v, - f , V2i?(f)f) + (f , V2i?(f )(v, - f))) , 
[b, imo(i)] = ^ ((v, - f , V2i?(f )v,) + (v„ V2i?(f )(v, - f ))) 
+ 0(t"i-*), 

5tmo(i) + [6,iTOo(t)] - ^(v. - f , V2i?(f)(v, - f )) +0(t-i-*) 

(6.10) , , 

> ^(v.-f,%,.3](¥)(v.-f))+0(i-i-^). 



using Prop. 5.1 (4). Hence 



Applying Lemma 5.3 (2) we get that 

Xi(i)DoM(t)xi(L) = xi(io))DoM(t)xi(i:) + 0{t-^-') 
(6.11) = xi(io)(5tmo(i) + [6,imo(<)])xi(i) + 0(i-i-^) 

= Xi(i) (dtmoit) + [6,imo(t)])xi(i) + 0(t-i-^), 
where we used that suppxi c]m, +00 [ in the second line. 
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We can apply Corollary |C.2| for 
Roit)= Xi{L)[V,im]xi{L), 

D(t) = J(M) (^dtmoit) + [b, imoim J(M) + i/(M)iv(t)/(M) + R^^t), 

B*{t)B{t) = iJ(^)(v, - f , ]lf,^,,3j(M)(v, - f ))J(M), 

where N{t), Ri{t) are defined in with Ri{t) e ©(ri^-^). 

By Prop. 5.4 we know th at R ojt) G 0{t^^^^) hence condition i) of Corollary C.2 



is satisfied. Applying Prop. 5.5 we see that ||ii'_D(i)|| e 0{t ), hence condition 
zij of Corollary C.2 are satisfied. Condition in) follows from the last inequality in 



(6.10), condition iv) from Prop. 6.1 



Proof of (ii): 

set ut =e-'*^u, = ((v- f),/2(f)(v- f)). Then 
(6.12) [xiL)ut,mxiL)ut] = {xiL)utmt)xiL)ut) + o(l), 

by Prop. |5.5[ We compute 

x(i)D$(t)x(L) = x{L)Bomx{L) + 0{t-^-') 



We have 



m 



a>+(t) 

$_(i) 



, $±(i) = (±v. 



f,/^(^)(±v.-^)), 



hence 



Do$(i) = 



at<i>+(<) + [6,i<i>+(t)] 



9t$_(i)-[6,i<I>-(i)] 



Using Prop. 5.1 (4), we get that: 



for 

Setting 



at$±(i)±[6,i$±(t)] 

-f (±v, - f ,/2(f)(±v, - f)) + i(±v, - f ,m±(f ,2?,)(±v, - f)), 
m±(f , i?.) - \ ((V/^(f ), (±v, - |)) + h.c.) . 





™-(f,i?.) 



this yields 



Do$(0 

= -f (v ~ f , /2(f )(v - f )) + l(v - f ,T(f , 7^.)(v - f )) + Oit'^-'). 
It follows that 

^^[x{L)ut,mx{L)ut] 
= (.9(1 )(v - f )x(L)z.,|r(i)(.g(f )(v - f)xiL)u,) + Oit-^-')\\ur, 

where ||r(t)|| e 0(i"i), 5 G C5"(M''\{0}). 

By Corollary C.2 (2), (i) above and (6.12) we know that 

lim [xiiL)ut,<i>it)xi{L)ut]= lini ||/(^J^)(v - y)xi(L)utf exists. 
Using again (i) this limit is equal to 0. □ 
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6.3. Minimal velocity estimates. 

Proposition 6.3. Let x G {M\[~m,m]) . Then there exists 6*0 > such that 

||]l[o,«o](f)x(L)e-^*NPf <qi"lP. 

Proof. Let J G C^{W^) with J{x) = 1 for |a;| < 6*0, J{x) = for > 26*0, where 
6*0 will be chosen small enough later. We set 

Mii) = J{j) + ^(v. - f , VJ(^)) + ^(VJ(f ),v, - |). 

For later use let us first note some properties of M{t). 

We set M'^{t) — 1— M(t) and note that M'^{t) is given by the same formula with 
J(x) replaced by J'^{x) = II — J(x), where ^ suppJ'^. Therefore we obtain from 
Prop. [Olthat 

(6.13) Xi{L)[V, iAf(i)]x(i) e 0[t-^-'), 5 > 0. 



The same argument using Lemma 5.3 (5) shows that 
(6.14) [x{L),M{t)] e 0{t-n, M > 0, X e 



Using formula (B.l) and Prop. 5.5 we obtain also 

M^t)= M{t) + {l + K)-^[M{t),K] 

(6.15) = M{t)-{l + K)-^[M''{t),K] 

= M{t) + 0{t-f'), ^ > 0. 

By a compactness argument it suffices to prove the proposition for x supported 
in a small neighborhood of some Ao S TO,m]. Without loss of generality we 
can assume that Aq > m, the case Ao < — m being similar, replacing Vj by — Vg and 
a by —a . 

We choose the cutoff functions xsW as in Prop. 5.7 and fix another cutoff 
function xi such that suppxi c]m, +cxo[ and XiXiS = Xs for (5^1. We set: 

m = xi{L)Mit)xs{L)^X5iL)M{t)xi{L). 



Note that using Lemma 5.3 (4) we know that 

(6.16) -^xs{L)M{t) e 0(1), 

and hence ^(t) is uniformly bounded. We have 

D<&(t) = xi{L)^M{t)xs{L)^,X8{L)M{t)xi{L) 
+Xi{L)Mit)xs{L)^Xs{L)-DM{t)xiiL) 
+Xi{L)Mit)xs{L)n (f ) xs{L)Mit)xi{L) 
=: Riit)+R2it), 
where R2(t) is the term in the third line above. 
Estimates on Ri (t) . 
We claim that: 

(6.17) [u, Riit)u] = -^iTit)xi{L)u\B{t)T{t)xi{L)u) + 0{t-'-'^)\\uf , 
where: 

(6.18) T(i):=G(|)(v,-|), ||S(t)|| G 0(1). 
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Let US prove our claim. We have 

DM(t) ^ DoAf(i) + [l/,iM(t)], 
As we saw above we have: 



Next using (6.11) with J instead of R we obtain that: 





Xi(L)DoAf(t)x5(i)=Xi(i) 



m(t) 
m{t) 



for 

m{t) 



^v.,-|,VV(|)(v,--))===i(v. 



G(f)VV(f)G(?)(v,-?)), 



for G e C^{R'^\{0}) with G = 1 on suppVJ. We claim now that 



f 



Ri{t) - \xi{m^s - |)G(^),SWG(^)(v, 



))xi(L)+ori-'^) 



for B{t) e 0(1). This follows from the identities above by commuting G(|)(vs — j) 
to the left or to the right, using that 



(6.19) 



[G(^)(v,-|), ^xs{L)]eO{t-n, [G(^)(v,-|),a]eO(l), 



the first estimate in (6.19) follows from Lemma 5.3 (5), the second from pseudo- 
differential calculus. Recall that T{t) = G(|)(vs — f ). Then using Prop. 5.5 and 

the fact that ^ suppG we obtain that 

[u,R^{t)u] = \[xl{L)u,T*{t)B{t)T{t)xl{L)u]+0{t-^-^^)\\uf 

= \{xi{L)u\{t + K)T*{t)B{t)T{t)xi{L)u) + 0(i-i-^)h||2 
= \{T{t)xi{L)u\B{t)T{t)xi{L)u) + 0{t-^-n\\uf, 



which implies (6.17) 



Estimates on R2{t). 
We claim that: 



(6.20) 



[u,R2{t)u] 

f{M{t)xs[L)u\M{t)xs{L)u) 

+ \[g{L)M{t)x5{L)u, giL)M{t)xs{L)u] 

+ \{M{t)xs{L)u\B2{t)M{t)xs{L)u) + 0{t-^-^^)\\u\\ 



for ||B2(i)|| <co/2. 
We have: 



X5(L)D (^) X5{L) = \x5(L)[WMx5(L) 



\xs{L)"-Xs{L). 



Applying (6.15) we obtain: 

[u,R2{1^u\ = [xi{L)u,M{t)xs{L)T>{^)xs{L)M{t)xi{L)u] 

= [M{t)xi{L)u, xs{L)T> (f ) xs{L)M{t)xi{L)u] + 0[t-^->')\\u\\ 
= \ [M{t)xi {L)u, xs{L) [L, ia]xs{L)Mit)xi{L)u] 

~][M{t)xiiL)u,xs{L)^Xs{L)Mit)xi{L)u] + 0{t-^-^')\\u\\^ 
=: [u, R3{t)u] + [u, Ri{t)u] + 0(t-i-^)||u||2. 
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We consider first Rsit). Applying Prop. 5.7 (see Remark 5.8) we obtain that 

= \[M{t)Xi{L)u,xsiL)[L,ia]xs{L)M{t)xi{L)u] 
= f ixs {L)M{t)xi {L)u\xs {L)M{t)xi {L)u) 

^[xs{L)g{L)M{t)xi{L)u,xs{L)g{L)M{t)xi{L)u] 
+ \{X5{L)M{t)xi{L)u\RsX5{L)M{t)xi{L)u). 
Since [xs{L),M{t)] e 0{r>') by ( [6l4| , we finally get: 
[u,Rz{t)u] 



(6.21) 



{M{t)x5{L)u\M{t)x5{L)u) 
\[g{L)M(t)xs{L)u,g{L)M{t)xs{L)u] 



+ \{M{t)xs{L)u\RsM{t)x5{L)u) + 0{t-'-^)\\u\\\ 

From Prop. |5.7[ we know that \\Rs\\ < co/4, if 5 is small enough. We fix such 
a i5 and consider R4{t). We fix a cutoff function G with G{x) = 1 for |a;| < 26*0, 
G{x) = for > 36*0. Clearly 



(6.22) 



Mit) 



G{-)M(t) + 0{t-^), [x^(i),G(-)]eO(t-^), /.>0, 



the first identity follows from pdo calculus, the second from Lemma 5.3 (5), using 

that ^ supp(]l - G). Using \&.22\ and ( |6.14[ ) we get that: 

(6.23) 

[u, Ri{t)u] 



-o{t-^)\\ur 

-0(i-l-^)||M|P 
-0(t-l-^)||M||2 



= -\[M{t)xi{L)u,X5{L)'iXs{L)G{'i)M{t)xi{L)u] 
= -][M{t)xi{L)u,xs{L)^G{^)x5{L)M{t)xi{L)u] 
= -\[xs{L)M{t)xi{L)u, fGif)x5iL)M{t)xiiL)u] 
= -i(x5(i)M(t)xi(£)u|(l + i^)fG(f)x5(i)M(<)xi(L)u) + 0(<-i-^)||u||2 
= \{xs{L)Mit)xi{L)u\R5{t)xs{L)M{t)xi{L)u) + 0{t-^-'^)\\u\\^ 
= ^{M{t)xs{L)u\R5{t)M{t)x5{L)u) + 0(t-i-^)||u||2, 
for i?5(t) = (11 + K)jG{j). Picking Oq small enough we can be sure that 

p5(t)|| <co/4. 



Adding ([6^ and ([6^, we obtain (|6^ for B2{t) = Rs{t) + R^it)). 

We can now complete the proof of the proposition. We apply Prop. |C.l| for: 

B{t)= {f)hM{t)xs{L), 

C{t)= B*{t)B{t) + \{t + K)xl{L)g^{L), 

Ciit) = \T*{t)Bi{t)T{t) + 0{t-^-^), 

C2{t) = ]xAL)M{t)B2{t)M{t)x5{L), 



where Bi{t) is defined in ( |6.17| , B2{t) in ( |6.20[ ). We note that G(t) > B*{t)B{t) 
since 

(u|(]l + X)g2(L)u) = [g(L)^/,g(L)^/] > 0, 
using that supp^ c]m, +00 [. We obtain that: 



+00 



|M(t)x5(L)e 
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Using Prop. 6.2 we deduce that 

r'+oo 



'-^ -iti„,l|2 ^ ||2 



This completes the proof of the proposition. □ 



Proposition 6.4. Let x G C5^(M\[— to, m]). Then there exists 9o > such that 



-itL 



Proof. We can assume that suppx c]m,+oo[. Let F e C5^(M'^) with F{x) = 1 
for |x| < 9o, F{x) = for > 29o, where do will be chosen sufficiently small later. 



We fix also Xi G C'|f^(]m, +oo[) with xiX — X- Then by Lemma 5.3 (5): 



We have 



F(|)e-«^x(i)" = XiiL)F{^)e-^'\{L)u + O^'^). 



Xi{L)Fi^)e'^'^xiL)u,xiiL)Fif)e-'*^x{L)u] 
e-'*^x(i)u,F(f)tx?(i)F(f)e-"^x(i)^] 

xKL)FH f)e-''''x{L)u] + 0{t-^) 



for 



e-'*-^x(-^)", F^{f)e-'*^x{L)u] + 0{t-^') 
e-''^x{L)u, M{t)e-''^x{L)u] + 0{t-^^), 



0. In the fourth line we use again Lemma 
6.2 ii). We have seen in the proof of Prop. 

1 



In the third line we use formula (B.l), Pro p. |5.5| and the fact that F{x) = 1 near 

(5). In the sixth line we use Prop. 

that 



5.3 



6.3 



x{L)T>M{t)x{L) 



^x(i)(v.-^)G(|)i3(t)G(^)(v, 



-)x{L)+0{t-'-'^), 



where G G C5"(M''\{0}), B{t) e 0(1). Moreover by Prop. 



5.5 



Therefore by Corollary C.2 (2) the limit 

(6.24) 'r\ipf-\^-itL 



lim [xiiL)F{j)e-'''^x{L)u,xi{L)Fij)e-'''^x{L)u] exists. 



We fix a bounded interval / with F^ n Cp{L) — such that suppx, suppxi C /. The 
subspace ICi = li{L)JC is positive hence by Prop. A. 8 we obtain that 

(6.25) G||xi(i)^;f < [xi{L)v,xi{L)v] < C-'\\xi{L)v\\^ 



we obtain that 



If the hmit in (6.24) is not equal to then applying (6.25) to u = F{ j)e ' x('^) 



liminf |lxi(i)F(-)e-'*^x(i)w|r > 0. 

t->-+oo t 



But for ^0 small enough, this contradicts the convergence of the integral in Prop. 



6.3 Therefore the limit in (6.24) is which implies the proposition using once more 
^251). □ 
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7. Existence and completeness of short-range wave operators 

7.1. Short-range wave operators. We set Li = Lq + Vi, with domain H^{M.'^) © 
H^{M.'^) which is selfadjoint (in the usual Hilbert sense) on (/C,(-|-)). Note that 



by Prop. 3.1 we know that (Tpp(L;) C [— m, m]. Note also that Li satisfies all the 
estimates in Sects, [s] [6] since it equals L ii Vg — 0. However Li is not selfadjoint 
on {JC, [■, •]). We denote by K-dLi) the continuous spectral subspace of L;, defined 
in the usual sense and set 

^scatt(i) U£scatt{B), 



where the map U is defined in (5.1). 

For later use we state a consequence of Subsect. B.4 and of the fact that ±m ^ 
Cp{B), which will be important in some strong convergence arguments later on. We 
use the notation explained in Subsect. 1.7 for (a < A < 5). 

Lemma 7.1. There exists e > such that 

sup ||e"'*^F(m - e < ±L < +oo)|| < +oo. 

tGK 

Proof. For the + case we choose e > such that [m — e, +oo[ncp(L) = and apply 
Prop. B.ll (4). The proof for the — case is identical. □ 

Theorem 7.2 (Existence of short-range wave operators). Assume hypotheses (A), 
(B). Then: 

(1) for all u e JCc{Li) there exist unique G /Cscatt(i) such that 

e-'*^u^ ~ e~'*-^'M -^0, t^ ±oo. 

(2) Let us define the short-range wave operators {L, Li) by: 

11 I y u 

Then: 

(z) W^iL,Li)eB (/Cc {Li ) , /C,catt {L) ) , 
(m) iy±(L,L/)e-"-^' = e-"-^VK±(L,Li), teU, 

{Hi) W^{L,Li) are isometric from {K.c{Li) , {■]■)) to (A:scatt(-^), [•, •])• 

Theorem 7.3 (Completeness of short-range wave operators). Assume hypotheses 
(A), (B). Then: 

(1) RanH^±(i,LO ='*Cscatt(i): i-e. W^{L,Li) are unitary from (/Cc(ii), (-I-)) to 

(^scatt(i), [■,■])• 

(2) setW^{Li,L) ■.= W^{L,Li)-\ Then 

W^iLi,L)u^s- lim e"^'e-'*V u e /Cscatt(i). 

Proof of Thm. EH 

It suffices to prove the existence of W^{L, Li)l-^,n,+oD[{Li) (the existence of 
VF+(L, L;)ll]_oo,m[(i;) being similar). 

We fix a cutoff function F e C°°{R) as in Lemma [tI] (1), so that e'*^F{L) is 
uniformly bounded for t G M. 

We first claim that the limit 

(7.26) s- lim e"'^i^(L)e-"^' li„ +oo[(ii) exists. 



Let us prove (7.261. By the standard density argument, it suffices to prove the 
existence of 

(7.27) s- lim e''^F{L)e-''^'x^{Li), 

t—^-\-oo 
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for X € C^ (]m, +oo[). Let us fix such a cutoff function x- Appiying Props. 6.1 
and[6!4]to L; we can find J G C(f'(M'^\{0}) such that 



6.2 



iim {t~M{t))x\Li)e 



-itL: 



for 



M,„ = J(?) + i(V,/(?,.v-E) + i(v-f,VJ,?». 



Therefore to prove (7.27) it suffices to prove the existence of 



s- hm e'^^F{L)M{t)x^(Li)e 



-itLi 



Moreover using Lemma 5.3 (2) and Lemma 5.3 (5) (which appiy to L/), we have 



e'*^F{L)M{t)x^{Li)e-'*^'u 
&''^F{L)x{Li)M{t)xiLi)e-'*^^u + o(l) 
&*^F{L)x{L)M{t)x{Li)e-'^^'u + o(l) 



JtL 



x{L)M{t)x{Li)e-''^^u + o{l) 



Therefore it suffices to prove the existence of 



s- iim e'*^x(i)M(i)x(iOc 

c— >-+oo 



-ItL, 



To prove it we apply Prop. C.3 (2). The asymmetric Heisenberg derivative equals: 

= x(i)DoM(t)x(i/) + x(i)[^/,iM(t)]x(iO +ix(i)KM(t)x(Li)- 
As in the proof of Prop. |6.2| (see eg ( |6.11[ )) we see that 



x{L)T>^M{t)x{Li) = -x{L)T*{t)B{t)T{t)x{Li) + 0{t-^-^), 



for 



m :=G(^)(v-|; 



|Bi(t)|| eO(l). 



By Prop. [K4]we know that [Vi,\M{t)] e 0(i"^"^) and applying Prop. [5^(2) and 
(3) we obtain that x{L)VsM{t)x{Li) € ©(i-^"^). 

To obta in the estimates in Prop. C.3 (2), we use the propagation estimates of 
Prop. 



6.2 



(which are also valid for L;) and the fact that T\t) = T{t) + 0{t-^'), 
which follows from Prop. 5.5 and (B.l). 

This completes the proof of ( |7.26[ ). Let hence 

(7.28) u+ := lim e"'^F(L)e-'*-^'w,w e ]li„+oo[(i/)/C. 

Note that u+ e l[m-2e.+oo[(-^)^- Since [m — 2e, +oo[ncp(L) = it follows from 
Prop. B.ll (4) that e^'*^ is uniformly bounded on l[m-2e.+oo[(i)^ and hence: 



e"'*^u+ - i^(i)e^"^'u 0, when t -> +oo. 



itL 



The same arguments used above show that 



s- lim(]l-i^(L))e-'*^']l]„,+o,[(LO 

t— foo 



Therefore 



e-"^w+ -e-"^'M 



0, when t — > + 



oo, 
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which completes the proof of (1). Property (2) (i) foUows from (7.28), property (2) 
(ii) is immediate. To prove (2) (in) we write: 

[u+,u+]= [c-'*^u+,e-'*-^u+] 

= [e-'*^'u,e-'*-^'M] +o(l) 

= {e-'^^'u\{l + K)e-'*^'u) +o{l) 

= (e-"-^'u|e-'*^'M) + o(l) = {u\u), 

where in the last line we use that K is compact and e^'*'^'it tends weakly to when 

t +00. □ 



Proof of Thm. 



7.3 



It sufhces to prove the existence of W^{Li, L)^„i,+ool{L), 
ie that for any u G ]l]m,+oo[(-^)^ there exists u+ € /C such that 

e~'*^'u+ — e^'*^u — > in norm when t — +oo. 

Since e~'*^' is unitary on (/C, (-I-)) it suffices to prove the existence of 

s- lim e"^^e-"^]l]™.+o,[(L), 

or by the usual density argument the existence of 

s- hni e'*^ie-'*V(i), X & C^{]m,+^[). 

By the same argument as in the proof of Thm |7.2| it suffices to prove the existence 
s- lim e''^'x{Li)M{t)x{L)e-'*^. 

i— >-f-oo 



We apply now Prop. C.3| (1), using the same propagation estimates as before. The 



details are left to the reader. □ 

8. Long-range wave operators 

We have seen in Sect. [Tjthat W^{L, Li) intertwine the dynamics e~'*^' on Kc{Li) 
and e"'*^ on /Cscatt(i) • 

In this section we further simplify the dynamics e~'*^' using standard arguments 
of (Hilbert space) long-range scattering. Note that we are now in the familiar 
Hilbert space setting, and we are facing long-range scattering theory for matrix 
valued pseudo-differential operators. 

8.1. Asymptotic diagonalization. Recall that L; = ^ ^ ^ ^' 6^' u ) ' 
set 

^'"s - -e-vi 
We recall hypothesis (C): 

(C) ±vi{x) > for |a;| > 1. 

which will be important in the sequel. 

For simplicity we will denote in the sequel the symbol classes S™'P{M.'^'^) simply by 
S'^'P. We will als o use the same notation for matrix valued symbols and operators. 

As in Subsect. [s^we have = Op^{e^) for: 

= E + 2 E '^^■(^)^^- + ^(•^) + 

jk j 

where 

We set fi = inf(/io, 
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Recall that we set 6 = (e^ — vf) 2 . It follows from Lemma D.l that: 
e= Op"'(?) + 0p"'50'-i-^, 

(8.1) b= Op"'((?2-t;2)i) + Op"'50'-l-^, 

= Op"'((?2 - + Op"'5-2,-l-p^ 

Lemma 8.1. Assume (A) and (C). Then there exists a matrix valued symbol 
Ji{x,£,) with 

Ji(2:,0-±( I if ±v{x)>Ofor\x\:^l 

such that if Ji = Op^Ji one has: 

Ji = J* + Op^S""'-^, Jf = 11 + Op^S'"^-'^, 

iJi - JiLdiag e 0p"'5"'-i-''. 
Proof. Let e, w e E with e > m/2, \v\ < m/2 and 6 = (e^ - w^)!. Set: 



L = 



6 — w V 
V —b — V 

1 



, Lq — 



e~v 




^ - , (e-b) 2v {e-b)2 
Then it is easy to see that 

(8.2) J\ = J-y^ = ^ J\L — L^)J\, 

We write 

2 2 
e-b=^-^ e + 6 = e + el-— 3, 
e + 6 

and substitute 

e = e(a;,C), = vi{x),b[x,C) = (e^(2;,0 - ^'fl^;))^ 
which satisfy the above conditions for |a;| ^ 1. We obtain that 

e + 6==2g(l + 5-2.-2M), 

hence 



(8.3) 



(2e)5 kil (2?) 3 



(8.4) 



(e-6)^ 



''^(1 + 5-2-2m)^ 



(2e)i (e + &)5(2e)i 2^ 

for \x\ » 1. By (C) j^Tj = ±1 and G S'"-"'^ in \x\ > 1. It follows from 
that 



(8.5) 



1 

-1 



We set now Ji = Op^(Ji) and get from (8.1) 

L = Op"(Z) + 0p"'5°'-i-^, Ldiag = Op''(Zo) + Op" 5°^-!-^. 



The lemma follows then from (8.2) and pseudo-differential calculus. □ 
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Proposition 8.2. The limits 

W^*(ii,idiag) :=s- lim e"^'Jie-"^--]lc(Ldiag), 

t — >±oo 

VK±(Lz,idiag)* :=s- lim e"^<^- J*e-'*^']le(iO 

i— ^±00 

exist. One has 

VK±(Li,Ldiag)*W^±(ii,idiag) = ]lc(idiag), 
W)M^±(ii,idiag)* = MLi), 

e-"^W^±(Li,Ldiag) - VK±(Lz,idiag)e-"^^'-, i G M. 

Proof. The proof of the proposition reUes on standard arguments, therefore we will 
only sketch it. We first note that Li and Ldiag satisfy the propagation estimates 
in Sect. [6] (with easier proofs, since one can use Hilbert space arguments). For 
example to prove the existence of W'^{Li, L^iag), it suffices to consider 

s- lim e'*^'x(ii)^iA'^(Ox(^diag)e-'*^^'-, 



for M(t) as in the proof of Thm. 7.2 In the Heisenberg derivatives, one obtain 
extra terms coming from i;Ji — ^^lidiag- These terms yield integrable in time 
contributions, since L/Ji — JiLdiag G Op"5'*''^^^^(M^'*), hence is of short-range 
type. The details are left to the reader. □ 

8.2. Isozaki-Kitada modifiers. By Prop. |8.2| we are reduced to the dynamics 
g-itidiag^ which we want to compare with e^'*^°° where 

(8.6) L^:=(^^- ^^^y e^^{D' + m'f2. 

Since both operators are diagonal, we have to consider the scattering theory for 
long-range, scalar pseudo-differential operators. As is well-known, it is necessary 
to introduce modified free dynamics to define the wave operators. We choose to 
use the time-independent modifiers introduced by Isozaki and Kitada [IKj in the 
context of Schrodinger operators. 

We start by stating an easy extension of results of Robert on solutions of 
eikonal equations. As in [Rj we define for a > 0, i? > 1 and Q < a < 1 the 
incoming/outgoing regions: 

TiR,a,a)^{{x,0 ■ 1^1 > «, \x\ > R, \x ■ ^\ > a\x\m 

Lemma 8.3. There exists functions ip^ (x, ^) such that: 

i) (^±(x,o = x•^ + 5-l'l-^ 

a) for each a, a there exists R — R{a, a) such that 

±eix,d^(p±{x,0) -viix) = ±(^2 -|-m2)3 m T{R,a,a). 
Proof. We set 

p±(x,0 = {i{x,OTvi{x))' = ~e'{x,0 ± 2vi{xre{x,0+vf{x) = + ^i-^ 

An easy modification of the arguments in [R shows that there exist functions 
(p±{x,^) satisfying i) solving in T(R,a,a) the eikonal equations: 

+ = p±{x,dx^±ix, ,£,)) in T{R,a,a). 

Then ii) follows by taking the square roots. □ 

We define now the Isozaki-Kitada modifier: 
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where the Fourier integral operators j{(p±, 1) are defined in Dcf. D.2 
Proposition 8.4. The limits 

T^+(Ldiag,ioo) :=s- hm e'*^^'- Jae""^-, 

t— >-+oo 

l^+(Ldiag,ioo)* :-s- hm e"^-J2*e''*^^-]lc(idiag) 
exist. One has 

VK+(idiag,ioo)*M^+(idiag,ioo) = X 
W+(idiag,ioo)M^+(^diag,ico)* = llc(idiag), 

e-"^^'-T^+(Ldiag,ioo) = M^+(idiag,ioo)e""^-, t e M. 

Proof. The proof is rather standard so we wiU again sketch it. Since idiag, J2 and 
Lao are diagonal, it suffices to prove the same result for the scalar operators e^vi, 
j{^±, 1) and €00- Let us consider the case of e — t;;. We have to prove the existence 
of the limits: 

(8.7) s- hm e'*(^-''')j(¥'+,l)e-'*^-, s- lim e'*^°=j(^+, l)*e-'*(^-'")le(e - ^^O- 



Since e{x,0 = e^oiO + S'^-'^iR'^'^) we see using ([sl]) that e-vi = eoo + Op'^r(a;, 1)^) 
for r G S^'~^{M.'^'^). We can hence apply the results in [Mu] . which we briefly recall. 
One first proves that there exists a function S+{t,^) solving the Hamilton- Jacobi 
equation: 

dtS+{t,0 = ~e{d^S+{t,0,0 - vi{d^S+{t,0), in |^| > e, \t\ > T„ V e > 
and satisfying the estimates 

Then it is shown in jMu| that the limits: 

S- lim eit{e-v,)^-iS+it,D.^)^ ^_ giS^(t,DJg-it(e-^„)]l^(g„„^) 
t— >±oo f— >-±oo 



exist and are inverse of each other. To obtain (8.71 is suffices to prove the existence 
of the limits: 

s- lim e'^+(*'-°=")j((p+,l)e-"'^~, s- lim e""~ l)*e^'^+(*-°-). 

This can easily be proved by the Cook method, using stationary phase arguments 
and the eikonal and Hamilton- Jacobi equation satisfied by and 5+. The details 
are left to the reader. □ 



9. Proofs of Thms. 14.31 and [4751 

9.1. Proof of Thm. |4.3[ If = then b — e. By standard arguments we obtain 
the existence of the scalar wave operators: 

iy±(e2,e^) = s-limt^+±o,e'*^'e-'*^~, 

iy± (e^ , ^ g_ lim^^+io, &''l> e-"^' \ (e^ ) . 

By the invariance principle for wave operators (see eg |RS] ) the above limits are 
also equal to 

s- limt_^+±oo e"'^e"'*'°° , 

s- limt^+±o,e'*^-e-"^le(e). 
Using the chain rule of wave operators, it follows that Thms. |7.2[ |7.3| are still 
valid with Li replaced by Loo, yielding wave operators denoted by W^i^L, Loo)- We 
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denote by Uoo the analog of U in Subsect. 5.1 for vi — 0, e — Eoo, so that C/qo is 
unitary from {£oo, hoo[, •]) to f) (). We set: 

nf ■.= U-^W^{L,L^)U^. 



We obtain that 



e-''^nff - C/-^[/ooe-"^~/ -^0, ±oo. 



^— Ig Q 

Now U^^U oo — ( g °° ]1 ) ' ^'^'^ ^-^ stationary phase arguments we obtain that 



Therefore 



hm (C/-iC/oo-l)e-'*^-/ = 0. 



e^'^^nff - e"'*-^-/ ^ 0, t ^ ±oo. 



The fact that ftf are bounded, unitary from {Eoo, /ioo['j ■]) to (£'scatt(^), ■]) and 
the intertwining property follow from the corresponding statements in Thms. |7.2[ 



7.3 To prove that ilf are symplectic it suffices then to use identity (2.6). □ 



9.2. Proof of Thm. 4.5 Set J — J1J2, where Ji, J2 are defined in Subsccts. 
|8.1| and |8.2[ Combining the results of Sects. [?) |8] and the chain rule of wave 
operators, we obtain wave operators {L, Loo), which are bounded and unitary 
from /Coo = b ffi f) to (^scatt(^), [•, •]) such that: 

e-"i'VF±(L, Loo)u ~ Je-^-^-w ^ 0, t ±00, 
e-"^W^±(L,Loo) = T4^±(L,ioo)e-'*^-. 

As above we set 

f7± := U-^W^(L,Loo)Uoo, J U-^JU^o, 

and obtain that are bounded, unitary from (foo, /ioo[-, ■]) to (fscatt(-B), •]) 
and satisfy 

e-'*^nff ~ Je-"-^-/ ^ 0, i ^ ±00, 
e-'*^r!f =r!±e-"^~. 



The fact that are symplectic follows as above from (2.6). To complete the proof 



of Thm. |4.5[ it remains to use Lemma |9.1| below, which shows that 

s- lim (T - J)e""-^- = 0. 

i— f±oo 

This completes the proof of the theorem. □ 



Lemma 9.1. Let T he defined in {4-4^ (^'^d J :— U ^ JiJ2Uoo- Then 



s- lim [T - J)e"'*^- = 0. 

i— >-±CX3 

Proof. RecaU first that Ji = ± ^ ^ + Op^S'-i-"'^' , where one chooses the 

± sign according to the sign of vi near infinity. For simplicity we consider the + 
sign. Clearly it suffices to prove the lemma with Ji replaced by ^ q 

Denote the Fourier integral operators j{(p±, 1) simply by j±. We obtain 

1 f b-'{j+-J-)e^ -b-'{j++J-) 



2\ ~{j++j^)eoo 



where b = {e — vf) ^ . 
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By (8.1) and Lemma D.3 we have: 

b-'j±=j{v^±,c±), for c± = (e2-«f)-5(a;,a,^±) + 5-2,-i-M. 

Since 

e{x,dxif±{x,^)) = eoo(^) ± in r(i?, a, cr), 

we obtain 

{e^ -vf){x,dMx,0) = ^UO±'2^ooiOMx) in r(i?,a,a), 

c±{x,0^ 6oo(0-Hl±2e^He)"/(a:))-^ 
= e-i(0 + 5-i-Mnr(i?,a,(7). 
Let 5*0 C 5"^° be the space of symbols of the form: 

r = ro+ri, : vq G 5'°'"'^, > 0, ri G S""'", supprinr(i?, a, cr) = 0, for some R, a, a. 
It follows that 

(9.8) b-'j±^j±e^'+jiip±,r), 

where r G Sq. 

Therefore we obtain 

2 V -U+ +:'-)eoo J+-.]- J 

where the entries of the matrix R are of the form j{ip±,r) for r Cz So- We claim 
that 

(9.9) s- lim i?e"'*'^°° = 0. 

t— f ±00 

In fact by stationary phase arguments we see that 

s- lim Op^re"'*-^- = 0, Vr e 5*0. 

>-±C30 



The same fact is also true for e — U^e '*^°°?7oo- Therefore we obtain (9.91, 

which completes the proof of the Lemma. □ 

Appendix A. A brief summary of Krein space theory 

In this section we recall some classical results on Krein spaces. Proofs can be 
found in the book |Bo] or in the survey paper [Laj . 



A.l. Krein spaces. If "H is a topological complex vector space, we denote by 1-L* 
the space of continuous linear forms on % and by (w^u), for u € H, w € %* the 
duality bracket between % and %*. 

Definition A.l. A Krein space K, is a hilbertizable vector space % equipped with 
a bounded hermitian sesquilinear form [u, v] non- degenerate in the sense that if 
w £ %* there exists a unique u G "H such that 

[u, v] = {w, v), V e H. 

If we fix a scalar product (-j-) on "H endowing H with its hilbertizable topology, 
then by the Riesz theorem there exists a bounded, invertible selfadjoint operator 
M such that 

[u,v] — {u\Mv), u,v £%. 

If A e Bin), we will denote by A* e B['H) the adjoint of A on (H, {■[)) and by 
At e B{n) the adjoint of A on (/C, [•, •]) defined by 

[A^u, v] :— [u, Av], u,v £ JC. 
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Using the polar decomposition of M, M — J\M\ where J = J*, = 1, one can 
equip H with the equivalent scalar product 

(A.l) iu\v)M := {u\\M\v), 

so that 

(A. 2) [u,v] — {u\Jv)m, u,v^H. 

Definition A. 2. A Krein space (/C, [•, •]) is a Pontryagin space if either flu- (J) or 
Iljj+(J) has finite rank. 

Replacing [•, •] by — [•, •] we can assume that Ir- (J) has finite rank, which is the 
usual convention for Pontryagin spaces. 

Definition A. 3. // (/C, [•, •]) is a Krein space, we set: 

C±:={uelC : ±[u,u] > 0}, Co C+ n CL. 

The vectors in C+,C_,Co are called positive, negative, null respectively. 

A. 2. Subspaces of a Krein space. Let /Ci C /C be a subspace of the Krein space 
(/C, [•, •]). We denote by K,^ the orthogonal of /Ci in (/C, [•, •]). Clearly ICf^ is closed 
and K,^-^ = ICf, the closure of K-i for (-I-). Non-degeneracy clearly implies 

(A.3) IC = ICi+ICi^ICinICi^{0}. 

A vector subspace /Ci C /C will be called a Krein subspace if /Ci is a Krein space 
when equipped with the induced topology and [•,•]. 
The following results are well-known (see eg |Laj ). 



Proposition A. 4. ///Ci is a linear subspace of K, then the following assertions are 
equivalent: 

(1) fCi is a Krein subspace; 

(2) K-i is a Krein subspace; 

(3) K^JCi+Ki. 

Definition A. 5. A projection P on {JC, [■, •]) is orthogonal if P = P\ positive if 
[u,Pu] >0,u€JC. 

Proposition A. 6. A linear subspace ICi of K. is a Krein .subspace if and only 
if there is an orthogonal projection P such that tCi = PIC. Then P is uniquely 
determined: it is the projection on JCi along JC^ . 



Definition A. 7. A linear subspace JCi C K. is called positive if JCi C (7+, strictly 
positive if [u, u] > for all u G /Ci, u 7^ 0, and uniformly (strictly) positive if it is 
strictly positive and the topology associated to the norm on K-i coincides 

with the topology induced by (u|u)2. 

Observe that if /Ci is a positive subspace then \\u\\ici := is a semi-norm 

on A^i and 

(A.4) \[u,v]\<\\u\\^,\\v\\K^ yu,veJCi. 

Proposition A. 8. // ICi is a Krein .subspace of K. then JCi is positive iff ICi is 
strictly positive iff ICi is uniformly .strictly positive. 
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Appendix B. Operators on Krein spaces 

Let A : DomA — /C be a densely defined linear operator on the Krein space JC. 
The adjoint A^ of A on (/C, [•, •]) is defined as 

BomA^ := {u e K. : 3f =: A^u such that [/, v] = [u, Av], V w G DomA}. 

If we denote by A* the adjoint of A for the scalar product (-j-) then 

A^ = M-^A*M. 

If A is bounded and M = 1 + K the above formula simplifies to: 

(B.l) A^ ^ A* + {t + K)-^[A*,K]. 

A densely defined operator A is selfadjoint, resp. unitary on K, ii A = A\ resp. 
A^A = AAt = 1. 

If A is a closed, densely defined operator on K. we denote by (J {A), p{A) the 
spectrum and resolvent set of A. If A is an isolated point of (7{A) we denote by 

E{X,A) = ^(i{z-A)-^dz 

^ITT Jc 

where C is a small curve in p{A) surrounding A, the Riesz spectral projection for 

A. Clearly 

E{X, A)E{X, yl) = 0, if A 7^ A', E{X, A)^ = E(X, A^). 

B. l. Definitizable operators. 

Definition B.l. A selfadjoint operator A is definitizable if 

(1) PiA) ^ 0; 

(2) there exists a real polynomial p{X) such that 

[u,P{A)u] > 0, Vu e DomA'^, k := degp. 

A real polynomial p satisfying condition (2) above is called definitizing for A. 

Definition B.2. Let A a definitizable selfadjoint operator and p a definitizing poly- 
nomial for A. The set 

Cp{A) -.^ p-^{{0})na{A)nR 
is called the set of (finite) critical points of A. 

The usefulness of the notion of Pontryagin spaces in this context comes from the 
following theorem. 

Theorem B.3. A selfadjoint operator A on a Pontryagin space is definitizable 
with a definitizing polynomial p of even degree. 

We sketch the proof below because it contains some information that will be 
useful later on in Subsect. IB. 41 

Proof. Set diml{_i}(J) —: k < oo, where J is defined in (A. 2). By a theorem of 
Pontryagin there exists a k— dimensional subspace L_ C C_ such that L_ C DomA 
and AL- C i-. Let po be the minimal polynomial of A\i^_, fco — degpo- Then 
since pi){A)L^ — {0} we get that p^{A)T)ovii{A^") C C C+, using the fact that 
L_ is a maximal negative subspace. Therefore p{z) = po{z)pq(z) is a definitizing 
polynomial for A. □ 



Remark B.4. In the literature the set of critical points of A is defined as the 
intersection of the sets Cp{A) over all definitizing polynomials. For the applications 
in this paper it is sufficient to work with a fixed definitizing polynomial p, the only 
important property of p being that its degree is even. 
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Remark B.5. Usually the point oo of the one-point compactification C := CU{oo} 
is also considered as a critical point, which corresponds to the possible divergence 
of the spectral projectors l.^^^ ji](A) when R — ^ ±00. On Pontryagin spaces, one can 
choose definitizing polynomials of even degree, and 00 is not a critical point (see 



e.g. (C]j. We will recover this result in Subsect. B.4 
The following result is due to Langer |La| . 



KA)< 



Proposition B.6. Let A be a definitizable selfadjoint operator with definitizing 
polynomial p. Then: 

(1) (t(^)\M is the union of pairs {Xi,Xi} of eigenvalues of finite Riesz index; 

(2) if is the Riesz index of an isolated eigenvalue \, then 

k{\) ifX^R, 
fc(A) + 1 i/A e M, 

where fc(A) is multiplicity of X as a zero of p (with the convention that k{X) — 
if X is not a zero ofp); 

(3) Set now 

Eo^ J2 E{X,A) + E(X,A), ICo-.^EolC. 

\e<y{A), ImA>0 

Then Eq is an orthogonal projector, hence ICq is a Krein space and 
K, = ICq ffi K,^ =: ICq © /Ci. 

In the rest of this section we review the functional calculus for definitizable 
operators (see [La], pT]). 

B.2. Resolvent estimates. In this subsection, we review some resolvent estimates 
for definitizable operators. 

Let A be a definitizable selfadjoint operator with definitizing polynomial p. We 
fix zq G p{A), zq ^ M and set 

(B.2) g(2)=p(z)(z-zo)-'=(z-zo)-', 
where 



k = 



degp/2 if degp even, 
( degp + l)/2 if degp odd 
For z G piA) and z zq,zq one sets: 

(B.3) Q{z,A) {q{A) - q{z)l){A - z)-\ 

The following result is proved in |La[ Sect. II. 2], [Jl, Sect. 2.1] . 

Lemma B.7. (1) The function p{A) 3 z^ <l{A){A - z)^^ e B{T-L) extends holo- 
morphically to C\M with: 

\\q{A){A - z)-^\\ < C\lmz\-\ z e C\M; 

(2) Let for R,a,S > U{R,a,5) := Uo{R,a) U Uoo{R,S) where: 

Uo{R,a) ={zeC : < |Imz| < a, |Rez| < i?}, 

UooiR,S) ={zeC : < |Imz| < 5|Rez|, |Rez| > i?}. 

where R,a are chosen such that a{A)\R does not intersect U{R,a,S). Then 
there exists C > such that: 

C|Imz|-™-i, for z eUo{R,a), 

C(z)2'=-'^'=sP|Imz|-i, forze Uc^{R,6), 
where m is the maximal order of real zeroes of p . 



ll(^-^)-^ll< 
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B.3. Smooth functional calculus. The resolvent estimates in Lemma FB . 71 allows 
to construct a functional calculus for A using almost analytic extensions (see |HS| , 
[D]). Let SP(R) for p e M be the class of functions / such that: 

I/^^HA)! <an(A)''-", aeN, 

equipped with the semi-norms: 

11/11™:= sup |(A)-''-"/(")(A)|. 

Let X e C[f (M) with x(s) = 1 in \s\ < \, x(s) = in |s| > 1. Set: 
for N fixed large enough, (5 > 0. Then if / e S'''(M): 

/|K — f, 

(B.4) supp/ C {{x + iy) : \y\ < 5{x), x e supp/}, 

\W\<c{xy-^-^\yr, 

and: 

(B.5) fit) = ^ /" %{z){z - t)-Mz A dz, i e M. 



2tt Jq dz 

Proposition B.8. (1) let f E SP{M.) for p < ifdegp is even and p < —1 ifdegp 
is odd. Then the integral: 

(B.6) fiA) := ^ £ ||(z)(z - A)-'dz A dz 

is norm convergent in BCH) and independent on the choice of the almost an- 
alytic extension f ; 

(2) For p as in (1), the map S^lR) 9 / i— > f{A) G B(l-L) is a homomorphism of 
algebras with: 

/(A)t=7(A), 

11/(^)11 < ||/||m, for some to e N. 

Proof. The fact that the integral is norm convergent follows from Lemma B.7| (2) 
and the estimates (B.4 1, as is the bound in (2). The fact that f{A) is independent 
on the choice of / and that / i-> f{A) is a homomorphism of algebras is proved as 
in the selfadjoint case. □ 



B.4. Borel functional calculus. The main result on the functional calculus for 
definitizable operators is the fact that it can be extended to a large class of Borel 
functions on JR. It relies on the following lemma due to |La| . 

Lemma B.9. There exists a map R 3 t t-^ Fi^) with values in the positive self- 
adjoint operators on (H, (-j-)), left continuous for the weak operator topology such 
that 

F(-c5o) =0, F(+oo) = JqiA), 
s<t^ F{s) < F{t), 

/ + 00 
(t - z)-MF(t) - qiz)-'Qiz, A), z G piA). 
-OQ 
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In [Laj the functional calculus for definitizable operators is extended to a large 
class of bounded Borel functions on M. In particular it is possible to define spectral 
projections Il/(^) which are selfadjoint on {JC, [■, •]) for all intervals / such that dl 
does not contain critical points. 

We now explain how to recover this result from Prop. |B.8| We start by giving 
more explicit formulas for f{A), f G C^{U.). 



Lemma B.IO. Let f G Cf^iR) with supp/ n Cp{A) = 0. Th 



en: 



(B.8) fiA) = J / f{t)q{t)-'dF{t) 



-\-oo 



Proof. Using ( |B.7| ) we get: 

^gg^ m= jrr(2^/ci(-M-)-'(--i)-'dzAdz)dnt) 

Ic %{z)q{z)-^Q{z, A)dz A dz. 

To compute the first term we use that / can be chosen with support close to supp/ 
so that q{z)~^ is holomorphic on supp/. Hence f{z)q{z)~^ is an almost analytic 
extension of f{X)q{\)~^ with (z) — g~^(z)^(z). We perform the integral in 



z,z using (B.5) and get that the first term equals: 



/ + 00 
f{t)q{t)-^AF{t). 
'OO 

The second term is zero by Green 's formula, since q{z)~^Q{z, A) is holomorphic in 



z near supp/, which proves (B.8). □ 



If il C M is a finite union of disjoints intervals, we denote by Bc{^) the *— algebra 
of bounded Borel functions on which are locally constant near Cp{A). 

Proposition B.ll. (1) Let C M a finite union of disjoint hounded intervals L 
such that ^IC^Cp{A) = 0. Then the map C^f (M) 3 f ^ f[A) e BCH) can be 
extended to an homomorphism of algebras: 

B,{n)3 f^ f{A)eB{n), 

with J (A) = /t(A) for all f e Bc{n); 

(2) Let Ao e K\cp(^). Then: 

]l{Ao}(^) = s-lim]l[,„_,^;,„+,](A) 

equals the orthogonal projection on Ker(A — Aq); 

(3) Let I a bounded interval with J*^' n Cp{A) = 0. Then there exists Cj > such 
that 

\\f{A)\\<Cj\\f\\oo, feB,{L); 

(4) Assume thatp is of even degree. Then the above map extends to all f G Bc(R) 
luith the same properties. In particular statement (3) extends to all intervals 
I with I*^' n Cp{A) = 0. Moreover one has: 

1(A) + So = 1, 
where the projection Eq is defined in Prop. \B.6\ 



Remark B.12. Assume for simplicity that p is of even degree. The space Cq 
Bc(R) is clearly a ^—algebra to which the homomorphism f i— >■ f{A) can be uniquely 
extended. In fact if fi e C^(M), Qi G /Bc(M), i — with fi + gi — f2 + 92 then 
f,{A)+9iiA) = f2{A)+g2{A). 



38 



C. GERARD 



Proof. Let first / C M a bounded interval such that I'^' n Cp{A) — 0. The function 
q{t) has constant sign on / and without loss of generality we can assume that 
q{t) > on /. 



Since t i— )■ F(t) is left weakly continuous and increasing, we can using (B.^ 



and the usual monotonicity argument on the Hilbert space (H, extend the 

definition of f{A) to / € 8^1) ■ 

Let now / be a bounded interval with dlr\Cp{A) ~ and lr\Cp{A) — {Xq}. Any 
function in / G Bc{I) can be split as / = /i + /2, where / £ C^(M) is supported 
close to Aq and supp/2 does not intersect Cp{A). Therefore we can define f{A) for 
ah / G Sc(J). This proves (1). 

Statement (2) is proved by the same argument as for selfadjoint operators on 
Hilbert spaces. 

To prove (3) we note that if / is a bounded interval with I'^^ n Cp{A) = then: 

/+00 
f{t)q{t)-^dF{t)\\ < \\fq-^L^^r)\\q{A)\\ < Cj\\fh^^j), 
-00 

since q^^ is uniformly bounded on /. 

Let us now prove (4) . If p is of even degree and / is an unbounded interval with 
n Cp{A) = 0, then q^^ is still uniformly bounded on / so the above estimate 

extends to / e The same monotonicity argument allows to extend f{A) to 

all / e BciR). 

It remains to prove the second statement of (4). Let us fix zq G p{A) with 
Imzo > 0. 

By the Riesz-Dunford fimctional calculus (see e.g. [DS[ Sect. VII. 9]) we have: 



(B.IO) (A - zo)-' - ^ ^ - ^o)-\z - A)-'dz, 

where 70 is a circle in p{A) surrounding zq. 
Similarly 

(B.ll) {A-zo)-^Eo = {z - zo)-'{z - A)-'dz, 

where 71 is a circle in p{A) D {Imz > 0} surrounding a{A) D {Imz > 0}. Let now 
r(A) = (A — zq)^^ e S'^^(M). An almost analytic extension of r is given by: 

f{z) = (z - zo)"V(z), 

where x G C°°(C) is supported in some U{R,a,6) and equal to 1 in U{R,a/2,5/2), 
and the sets U{R, a, S) are defined in Lemma B.7 It follows that for Cc = suppx H 
{|Imz| > e}: 

riA)= 2^/ciW(^-^)"'dzAdz 

= ^jc§{z){z'Zo)-\z-A)-^dzAdz 
= lim,^o 2¥ /c. %(^)(^ - ^o)-Hz - A)-^dz A dz 
= lime->o 2^ /ac. Xiz)iz - zq)-^{z ~ A)-^dz 
= - lime-^o ^ /s+ie Xiz)iz - zoy^{z - A)~Mz 
+ \im^^o ^ Jj^_i,xiz)iz - zq)-^{z - A)-^dz, 

where we have used Green's formula. The last two line integrals are independent 
on e, therefore 

+ i,k-iM-^o)-Hz-A)-^dz, 
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for e > small enough. 
We claim that 

(B.13) 



{A-z^y^ = {A-z^)-^E^ + r{A). 



In fact this follows from (B.lOl, (B.ll) and (B.12) by deforming the integration 
contour. We have to add integrals of [z — zq)~^{z — ^)~^ over two half-circles 
r±(i?) in the upper and lower half- plane of centers ±ie and of radius i? ^ 1. On 

^^), therefore the 
— > oo. 
- (A-zo)/(A), 
g{A). Therefore 



T±{R) we obtain as in Lemma B.7 that — z) -"^H G 0(|Im2| 



contribution of these integrals is 0{ln{R)R ^) and vanishes when R 
To complete the proof of (4), note that if / G and g(A) = 

^o)f{A) 



then g eC^ 



Bc{R) (see Remark [R12) and {A 



multiplying (B.13) by {A 



zq) we obtain that 
l = Eo + 1(A), 



as claimed. □ 



Appendix C. Abstract propagation estimates for definitizable 

operators 

In this section we explain how to prove propagation estimates for definitizable 
operators on a Krein space. The basic framework is parallel to the Hilbcrt space 
case, developed in the context of scattering theory for Schrodinger operators by Si- 
gal and Soffer [55] . A detailed exposition can be found in the book |DCj1[ Appendix 

B. 4]. 

C. l. Propagation estimates. Let {JC, [■, ■]) be a Krein space. We fix a hilbertian 
scalar product (-j-) whose associated norm || • || defines the topology of K, such that 
[u,u] = {u\{l + K)u). 

As in Appendix [B| the adjoints of an operator A w.r.t. [•,•] (resp. (-j-)) will be 
denoted by A^ (resp. ^4*). Operator inequalities like for example A > will be 
understood in the Hilbert sense i.e. {u\Au) > 0. 

We fix a selfadjoint operator L on (/C, [•, •]) and assume that L is definitizable, 
with definiti zing polynomial p of even degree. It follows from the functional calculus 



in Subsect. B.4 (see Remark B.12) that (e~'*^)tgR is well defined as a strongly 
continuous group of bounded operators, unitary on (/C, [•,•]). (Alternatively one 
could assume that oo is not a singular critical point, see jLa) ) . 

li A d B{JC) the expression [L, A\ can be given different meanings. In our context 
the most natural one is to define [L, A\ as a quadratic form on Domi by: 

[L, A\{u, u) := [Lu, Au] — [u, ALu], u G DomL 

If A G B(DomL) then LA - AL e B(DomL,IC). Denoting by {LA - AL)op this 
operator one has of course 

[L, A] {u,u) — [u, {LA — AL)opu] , u G DomL. 

Proposition C.l. Let M. 3 t i-^ ^{t) G B{IC) be strongly dijferentiable, uniformly 
bounded. Let x e C^(K) such that suppx n p"^({0}) = 0. Set 

D$(i) = at$(<) + [L,i$(i)]. 

(1) Assume: 

[x{L)u, B<i>{t)x{L)u] = {x{L)u\C{t)x{L)u) + {x{L)u\C,{t)x{L)u) 

+{x{L)u\C2{t)x{L)u) 
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where: 

i) C{t) ^ C*{t), C{t) > B{t)*B{t), 

II) <Ei<,,fc<Arl|i?,W"lll|i3fc(t)"ll, 

III) /+°° \\B,{t)c--^'^x{L)urdt < C\\ur, 1<J<N, 
iv) \{u\C2{t)u)\ < <5||B(t)u||2, < (5 < 1. 

Then: 

°°\\B{t)e-''^x{L)ufdt<C\\u\\\ 





(2) Assume that ((XTp holds for C{t) = C2{t) = 0. Then 

lim [x(i)e"'*^u, $(i)x(i)e""^u] exists. 

Corollary C.2. Let t anrf x above. 

(1) Assume that for some xi S C'o°('^) "^^^^ XiX = X one has: 

(C.2) xi(i)D$(t)xi(i) = xi{L)D{t)xi{L) + i?oW, 

\\Ro{t)\\ e L\R+), 

a) \\KD{t)\\ e L^{R+) 

lii) D{t) = D*{t), D{t) > B*{t)B{t) - B*{t)B,{1^, 
^v) /o^°° \\B,[t)x{L)utrdt < CWuf, l<j<N. 

Then: 

iti,,/ r\„.l|2 J, / /^IL.I|2 







(2) Assume i), ii), Hi') and iv), where: 

III') \iu\Dit)v)\<Y,\\Bjit)u\\\\B,it)v 



Then 



lim [x(i)e"'*^M, $(t)x(L)e~'*^u] exists. 



Proof of Prop. \Cl] 

Set U( = e^'*^u and 

/(i) = [x(i)^^t,$(t)x(^)«t], 

so that: 

(C.3) f{t) = [x{L)ut,B'i>{t)x{L)ut]. 

Then: 

/*^||i?(t)x(L).it|Pdt 

< J^^ixiL)utC{t)xiL)ut)dt 

= III rm - J^^{x{L)u,\C,{t)xiL)u,)dt - J^^{xiL)u,\C2it)x{L)u,)dt 

< |/(i2)-/(ti)l + E,,fc/t*'ll^.-(iMiKIIPfcWx(iKIM* 

+Sj^^\\Bit)xiL)u,r 

< 1/(^2) - /(ti)| + A^E, ||B,(i)x(iKf + '^//: |lBWx(L)z.tf . 
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It follows that 

{1^5) r \\B{t)x{L)utfdt < \f{t2) - f{h)\ +nY, \\B,{t)x{L)utfdt. 
Jti J Jti 

Note that x(-^)e~'*^ = 9t{L) for gt{X) = e~'*'*'x(A). Since gt{-) is supported away 
from critical points, we have |j(7((L)|| < C||(7t(-)|joo By Prop. B.ll (3), hence gt{L) 
and f{t) are uniformly bounded. This completes the proof of (1). The proof of (2) 
is immediate. □ 



Proof of Corollary C.2; we have using that xiX — X a-nd (i): 

[x{L)u, n^t)x{L)u] = \x{V)u, D{t)x{L)u] + [x{Lu, Ro{t)x{Lu] 

- {x{L)u\D{t)x{L)u) + {x{L)u\KD{t)x{L)u) 
+{x{L)u\{\ + K)Ro{i)x{L)u). 

We apply Prop. |C.l| for 

C{t) ^D{t)+Y.jB*mAi), 
Ci{t) = - B*{t)B,{t) + KDit) + (1 + if)i?o(i), 
C2{t) =0. 
The proof of (2) is similar. □ 

C.2. Existence of limits. In this subsection we describe the analog of the Cook- 
Kato argument on a Krein space. As before we fix a definitizable selfadjoint operator 
Li on (A^, [•, •]), and a selfadjoint operator Lq on (/C, (•!•)). For simplicity we assume 
that Doml/i = DomLg. 



The following discussion is similar to the one at the beginning of Subsect. C.l 



If A e B{]C) then we define LqA — ALi and LiA — ALq as quadratics forms on 
DomLo by: 

{LqA - ALi){u,u) := {Lou\Au) - {u\ALiu), 
{LiA — ALq){u, u) [iiit, Au] — [u, ALqu], 



(see Prop. C.3). 

Recalling that DomLi = DoniLo, we see again that if A e S(Domio), one can 
define the operators {LqA — ALi)^^, {LiA — ALo)^^ which belong to i?(DomLo, JC). 
Then: 

{LqA - ALi){u, u) := {u\ {LqA - ALi)^^ u), 

{LiA - ALo){u, u) := [u\ {LiA - ALo)^^ u]. 

Let now M+ 9 t M{t) G B{H) a strongly differentiable map. We define the 
asymmetric Heisenberg derivatives: 

oDiM(t) = dtM{t) + i{LoM{t) - M{t)Li), 

iDoAf (t) = dtM{t) + i{LiM{t) ~ M{t)Lo). 

Proposition C.3. Let x G C'o^C'^) smc/i that suppx H Cp(Li) — 0. 
(1) Assume that: 

|Klx(io)(oDiAf(t))x(iiM)| <Etill^o.Wx(io)^^o|||lBH(t)x(ii)"i||, 
/+°° \\Bo^{t)x{Lo)&''^°vrdt < C'Wvr, 

J^°"\\Bu{t)x{L,)&''^^vrdt<C\\vr- 
Then there exists 

■"^''x(io)M(t)x(L)e-'*^^ 
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(2) Assume that: 

|[ui,x(ii)(iDoMW)x(io)"o]| <E^il|So^Wx(io)i^o||||SHWx(ii)"i||, 
/+°° \\Bo^{t)xiLo)e~''^"vrdt < C\\vr, 

J^°°\\B,,{t)xiLi)e-''^^vrdt<C\\vr. 
Then there exists 

s- ^ lim e"^ix(ii)M(i)x(io)e-'*^°. 

i— f + C30 

Proof. We only prove (2), the proof of (1) being simpler. We fix an interval / such 
that suppx C / and/'^' ncp(Li) = 0. Without loss of generality we can assume that 
[•,•] > on ]l/(Li)/C. Let u,v £ JC and set 

ut := e'*^ix(ii)M(t)x(io)e-"^°u. 

Then 

\[v,ut] - [v,Us]\ 

< J*\[e-'-^^v,x{Li) (iDoM(a))x(io)e-''^^°u]|da 

< Ef=i {is \\Bu{<y)x{Li)e~^'''^vfda) ' (/^ ||i?o.(a)x(io)e-'*^«^.|pda) ' . 
It follows that 

(C.4) I [v, Uf] — [v, Us] I < C||w||m(t, s), where m{t, s) — > when t, s — > +oo. 

We use now that Ut — lj{Li)ut hence Ut G /Ci :— ll/(Li)/C. Since /Ci is positive, 
we have by Prop. |A.8[ 

\\ut~Us\\< C[ut - Us,Ut ~ Us]'^ 

= Csup^gx;, [v,ii{L,)v]=i\[v,ut- us]\ 
< Csup^g;c, lluKc lb>^t - ""sll- 



Applying (C.4) we obtain the existence of s— lim(_>.+oo Ut-O 



Appendix D. Pseudo-differential calculus 

In this section we recall some well-known results about pseudo-differential and 
Fourier integral operators. 

D.l. Pseudo-differential operators. We denote by iS(M'^) the Schwartz class of 
functions on M.'^ and by iS'(M'^) the Schwartz class of tempered distributions on M.'^. 
We set as usual (s) ^ {s"^ + l)h ^ s & M". 

For p, m e M we denote by S'P'™(M^'^) or simply 5*^^™ the class of symbols 
a e C°°(M2rf) such that 

The symbol classes above are equipped with the topology given by the semi-norms 
equal to the best constants in the estimates above. 

For a £ S'^'™, we denote by Op* (a) the Weyl quantization of a defined by: 

Op'"{a){x,D)u(x) C^tt)-' J J e'(--^)«a(^, e)ii(y)dyd^, 
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which is well defined as a continuous map from 5(M^') to 5'(M'^). We recall the 

following facts (see [Hoi Thm. 18.5.4]): 

(D.l) 

Op"(fe)* = Op"'(fe), 

[Op"(6i),iOp"(fe2)] = Op"({6i,62}) +0p"(^fi+P=-3,mi+m.))^ 

Op"' (61) Op"" (62) + Op''(62)Op"'(6i) = 20p"'(6i62) + Op''(5fi+P=-2."i+'"^), 

if bi e S^''"^' and { , } denotes the Poisson bracket. 
We will need the following fact. 

Lemma D.l. Let [c^'^](x), b{x) ~ {bi{x), . . . ,bd{x)), c{x) such that 

CqI < [c-''^](x) < cil, for some cq > 0, 

[c^'^Kx) - 1, b{x),c{x) e S-O'-*',^ > 0. 

Set 

and let C > such that Op™6 + C > C2 for some C2 > 0. Then: 
(Op> + C)5 = Op"((p + + Op*50'-i-^, 

(Op> + ^ Op"((p + cy"^) + Op™5-2'-i-^ 

Proof. A proof in the case b{x) = can be found in |GP| Props. 2.10, 2.11]. The 

extension to the case b{x) 7^ is straightforward. □ 

D. 2. Fourier integral operators. We now recall the definition of some Fourier 
integral operators. 

Definition D.2. Let Let ip{x,C) e C°°(R'^'^) such that 

ip{x, ^) — X • ^ G S^^'^^^ for some p > 0. 
Then for a £ S'™'^ we define: 

j{ip,a): S{R'') ^ SiR'') 
j{ip,a)u{x) := (27r)-''/ / e'^(^'«)-'2'-«a(a;, C)M(2/)d?/d^ 

It is well known that if a G 5°'° then j{Lp, a) extends as a bounded operator on 
L^(M''). We state a version of Egorov theorem (see eg |IK| ) . 

Lemma D.3. Let ip{x,^) as above. Then for all d £ S"^'^ one has: 

{Op'"d)j{^, 1) = j(v, d), for d{x, = d{x, OM^, 0) + S"'-^^^-^-" . 

Appendix E. Some technical results 

E. l. Proof of Prop. |5.1[ Set /i = min(/io, /^;). An easy computation shows that 

= E,fc DjC^^'{x)Dk - 2 d,{x)Dj + r{x) + 
= Op"(e2) + Op"50'-°°, 

for 

jk j 

and 

cf^ix) = c-^ix)a^''{x), dj{x) = c-\x)bj{x), [c>'']{x) - 1, dj{x),ri{x) G 5'-^(M'^). 
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It follows from Lemma FD . 1 1 that 

b = Op"' (6) + Op"'5°'-i-^, = Op"(6-i) + Op"'5-2,-i-p^ 

for 

Similarly 

Statements (1), (2), (4), (5) follow then directly from pseudo-differential calculus. 
To prove (3) we write 

[&,ia] = Op"({6,a}) + Op"5-2,-i ^ QpW(|(^2 „^2)i ^ ^-i.-M^ 
where {•, •} is the Poisson bracket and use that 

Using once again pseudo-differential calculus we obtain (3). □ 



E.2. Proof of Prop. 5.2, (1): follows from pseudo-differential calculus. 

(2): We fix a function G € C°°(M'') with ^ suppG and G ee 1 on suppF. Then 
F(f ,i?^)D,6-i = F(f ,D^)G(f )i;s6-i € 0{t-^'). The other term is 

v,F{-^,D^)h-^ = G{j)v,b-'bFi^,D,)b-' e O(<-^0- 

(3): Similarly F{^,D^)rb-'^ = F{^,D^)G{^)rb-'^ G 0{t'^''). To handle the other 



term we write rb ^Fb ^ = rb ^G{j)Fb ^. From Prop. 5.1 (5), we get that 



b^'Gij) = Gi(|)riG(|) + Rit), where b'^R{t)b-^ G 0{t-^). 

Hence: 

rb-^GFb-^ = rGib-^GFb-^ + rR{t)Fb-^ 

= rGib-^bGFb-^ + rb-%^ R{t)b-^bFb-\ 

Since &GF6-1 and 6i^fe-i e 0(1), rb-^ is bounded, rGi(f)6-2 e O(r''0 and 
b'^R{t)b-^ e Oit-'^) we obtain (3). □ 
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